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A new method of obtaining Abelian and Tauberian theorems for the integral 
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of the form f K d[i{t) is proposed. It is based on the use of limit sets of 
o 

the measures. A version of Azarin's sets is constructed for Radon's measures on 
the ray (0,oo). Abelian theorems of a new type are proved in which asymptotic 
behavior of the integral is described in terms of these limit sets. Using these 



\ theorems together with an improved version of the well-known Carleman's theorem 

on analytic continuation, a substantial improvement of the second Wiener Tauberian 
CO ■ theorem is obtained. 
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ripefljiaraeTCJi hobbih MeTOfl nojiyneHHa a6ejieBbix h Tay6epoBbix TeopeM jj,jih 

oo 

HHTerpajiOB BHjja f K (£j dfi(t). Oh 6a3npyeTca Ha Hcnojib30BaHHH cbohctb npe- 
o 

^ejibHBix MHOJKecTB Mep. 3Toro CTpoHTCH BapnaHT TeopHH npe^ejifcHBix MHO- 

jKecTB A3apnHa fljia paflOHOBBix Mep Ha nojiyocn (0, oo). ,HpKa3biBaiOTCH a6ejieBBi 
TeopeMBi HOBoro rana, b kotopbix acHMnTOTHuecKoe noBefleHne BbimeHa3BaHHbix 
HHTerpajiOB onncBiBaeTCH b TepMHHax npejrejibHbix mhojkectb Mep [i. Hcnojib3yH 
3th TeopeMBi, a TaKJKe flOKasaHHbiii b CTaTBe ycHjieHHbiH BapnaHT H3BecTHoft jicmmbi 
KapjieMaHa 06 aHajiHTnuecKOM npo,n,oji}KeHHH, ,n,OKa3biBaeTca 3HaHHTejibHoe ycnjie- 
Hne BTopoii Tay6epoBoit TeopeMbi BnHepa. 
BnGjiHorpadpna: 25 Ha3BaHHa. 

KjiKJieBBie cjioBa: yTOUHeHHbiii nopaflOK BajinpoHa, pajj,OHOBa Mepa, npejj,ejib- 
Hoe MHoacecTBO A3apnHa Mepbi, peryjiapHaa Mepa A3apnHa, Tay6epoBa TeopeMa 
^ ' BnHepa. 
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1 BcTynjieHHe 



IIocKOJibKy yTOHHeHHMH nopa,n;oK BCTpeuaeTca b cpopMynnpoBKax 6ojibiHHHCTBa yT- 
BepjK,n;eHHH npefljiaraeMofi pa6oTbi, to Mbi HauHeM c HeKOTopbix o6o3HaueHHH h pe3yjib- 

TaTOB , CBH3aHHMX C yTOHHeHHMM nopHflKOM. 

yTOHHeHHbifi nopa,n,oK p{r) iirpaeT BajKHyio pojib b Teopim a6ejieBbix h Tay6epoBbix 
TeopeM, b Teopiiii pocTa cy6rapMOHHuecKHx cpyHKiuiH , b TeopHH BepoaTHocTeit. H3 Toro, 
hto p(r) - yTOHHeHHbiit nopaflOK, cjie,nyeT, hto cpyHKHHH V(r) = r p ^ HBjiaeTca peryjiap- 
ho MemnomeHca cpyHKHiieH b cMbicjie KapaMaTbi. IfejiojKeHHe HeKOTopbix cbohctb yTou- 
HeHHoro nopa,n;Ka mojkho HafiTii b [T]. IIoaBHBniaaca no3ace KHHra [2] aBjiaeTca shhh- 
Kjione^HHecKHM Tpyn,OM no peryjiapHO MeHHioiHHMCH cpyHKi^iiaM h hx npnjioJKeHHHM. 

^o 3HaKOMCTBa c cpopMajibHbiM onpe,n;ejieHHeM yTOHHeHHoro nopaflKa HHTaTejib mo- 
jKeT cHHTaTb, hto V(r) = r p a(r), 



air) 



ln a (er), r > 1, 
ln a f, re (0,1) 



r,n;e p n a - npoH3BOJibHo Bbi6paHHbie BemecTBeHHbie uncjia. 
IlycTb p = p(oo) = lim p(r). Ecjih o6o3HauHTb 

r— ¥00 

r>0 tPV(r) 

to OHeBHflHo, uto npH r > h t > BbinojiHaeTca HepaBeHCTBO V(rt) < t p ^(i)V{r). 

B TeopeMe 2.5 (HyMepauiia TeopeM bo BBefleHiiii coBna,n;aeT c hx HyMepaHiieft b TeKCTe 
pa6oTbi) ,n;oKa3biBaeTca, hto ^y(t) - HenpepbiBHaa cpyHKinia h hto BbinojiHaioTca paBeH- 

CTBa 

lim — ^ = 0, lim / Kt) = 0. 

3Ta TeopeMa HeMHoro ycmiiiBaeT pe3yjibTaT IIoTTepa |3j h 3HauHTejibHo ynponiaeT 
ero (popMyjmpoBKy. OHa - BaacHbiil HHCTpyMeHT npn pa6oTe c yTOHHemiMM nopa,n,KOM. 
B flajibHeitnieM TeKCTe pa6oTbi chmboji ^(t) He 6yn,eT Hcnojib30BaTbca ^jih o6o3HaueHHH 
flpyrnx cpyHKHHH. 

Cenuac mm onpe,n;ejiHM ^Ba Kjiacca pa,npHOBMx Mep Ha nojiyocn (0, oo). B pa6oTe, b 

OCHOBHOM, H3yHaK)TCa Mepbl H3 3THX KJiaCCOB. 

Hepe3 VJtoo (p(r)) mm o6o3HauHM MHoxcecTBo pa^oHOBbix Mep Ha nojiyocn (0, oo), 
,n;jia KOTopbix BbinojiHaeTca HepaBeHCTBO 

\p\([r,er]) 
sup — < oo. 

Hepe3 Wl(p(r)) mm o6o3HauHM MHOJKecTBo pa^oHOBbix Mep Ha nojiyocn (0, oo), fljia 
KOTopbix BbinojiHaeTca HepaBeHCTBO 

\n\([r, erl) 
sup '^'7 < oo. 
r>o V{r) 

Ecjih BbinojiHaeTca cooTHonieHHe 

- — |u|(|r, erl) 

lim U e 0,oo , 
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to yTOHHeHHbiit nopa,npK p(r) 6yn;eM Ha3MBaTb ymoHHeuHUM nopsidnoM Mepbi p, a hhcjio 
p = p(oo) 6yneM Ha3MBaTb nopa^KOM paflOHOBoii Mepbi p. Taxoe onpeflejieHHe nopHflKa 
no3BOJiaeT paccMaTpiiBaTb pa^oHOBBi Mepbi jiio6oro BemecTBeHHoro nopa^Ka. 

IIpedeAbHoe MHocncecmeo Fr[p] = Fr[p(r), p] paflOHOBofl Mepbi p mm onpe^ejiaeM 
BCJiefl 3a A3apiiHbiM KaK mhojkcctbo Mep v BH,n;a v = lim p tn , r^e t n — > oo, a Mepa p t 
onpe,n;ejiaeTca paBeHCTBOM 

ME) = w - 

PaBeHCTBo v = lim p tri o3HanaeT, hto nocjie^oBaTejibHocTb Mep pt n mupoKo cxodumcn 

k Mepe v. Onpe,n;ejieHiie nmpoKofl cxo^hmocth ,n,aHO b pa3,n;ejie 3. 

^OKaabiBaeTca, hto ecjin p G OJToo (p(r)), to MHoacecTBo Fr[p] o6jia,n;aeT cBoitcTBaMH, 
nepeniicjieHHbiMii b cooTBeTCTByioineH TeopeMe A3apiiHa [1] . 3th CBOHCTBa TaKJKe nepe- 
HHCJieHbi b TeopeMe 3.10 Hanieit pa6oTbi. A3apHH paccMaTpnBaji TOJibKo nojiojKHTenbHbie 
Mepbi b M n h onpe^ejiaji yTOHHemiMH nopa,n;oK Mepbi HecKOJibKo no-HHOMy, hto bo3mojk- 
ho TOJibKo fljia cnynaa p > 0. B stom cjrynae Haine onpeflejieHHe yTOHHeimoro nopHflKa 
Mepbi, 3KBiiBajieHTHo TOMy, KOTopoe iicnojib30Baji AsapiiH. Otmbtiim ein;e, hto A3apiiH 
paccMaTpnBaji cxo,n;HMocTb Mep oTjiiiHHyio ot Toii, KOTopaa paccMaTpHBaeTca b cTaTbe. 

Mepa p Ha3biBaeTca peeyjiapnou Mepoit hjih Mepou pezy/inpnou e cMucjie Asapuna, 
ecjiH npe,n;ejibHoe MHOJKecTBo Fr[p] coctoht H3 e^HHCTBeHHoii Mepbi v. B stom cnynae 
Mepa v c Heo6xo,n;iiMocTbio HMeeT bh,t dvit) = ct p - x dt (TeopeMaEZEU). 

B CTaTbe 6yneT Hcnojib30BaTbca KaK cTaH^apTHbie Tamae o6o3HaneHHH. 

1. OyHKinia \I/(r), 

oo 

¥(r) = Jk(?) dp(t). (1.2) 
o 

B HeKOTopbix cjrynaax bmccto \I/(r) mm 6yn;eM iicnojib30BaTb 6ojiee HHcpopMaTiiBHoe 060- 
3HaHeHiie ^>{K,r). 

2. OyHKHiia J(r) = ^j*(r). 

3. Mepa s, ds(t) = V(t)dt. 

Mepes p{t) mm 6yn;eM o6o3HanaTb cpyHKiniio pacnpeflejieHiia Mepbi p, TaK hto p((a, b]) 
= l*(b) - fi(a). 

IIpedejihHoe MHocncecmeo (pyHKHHH f(r) no HanpaBjieHiiio r — > oo (mhojk6ctbo npe- 
,n;ejioB Bii,n,a lim f(r n ), r,ne r n — > oo) mm 6yneM o6o3HanaTb L(f, oo). 

n— ¥oo 

OyHKHHio f{r) mm 6yneM Ha3MBaTb cfjuHurrmou a^yHKuiien Ha nojiyocn (0, oo), ecjm 
supp/ C [a, b] C (0, oo). 

Hcnojib30BaHiie cbohctb MHoxcecTBa Fr[p] no3BOjmjio nojiynnTb HecKOJibKo hobmx 
TeopeM a6ejieBa h Tay6epoBa TiinoB ,n;jia HHTerpajioB BH,n,a ( ll.2|) . 

TeopeMM a6ejieea Tiina - 3to TeopeMM, b kotopmx Hcxofla H3 cbohctb Mepbi p Ha- 
xo^aTca CBOHCTBa 4)yHKii;HH 

TeopeMM may6epoea THna - sto TeopeMM, b kotopmx Hcxo,na H3 cbohctb 4)yHKii;HH 

\& HaXOflHTCa CBOHCTBa Mepbi p. 

Bo MHornx H3BecTHbix TeopeMax a6ejieBa THna yTBepjKflaeTca, hto H3 4)opMyjibi p'{t) 
~ A^p- (t — > oo) BMTeKaeT acHMnTOTHnecKaa 4)opMyjia \I/(r) ~ BV(r). TeopeMM TaKoro 

THna MOJKHO HafiTH, B HaCTHOCTH, B KHHrax [5], [B], [2], [7]. 
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CcpopMynnpyeM npocTeilinyio TeopeMy aGejieBa THna H3 Hanieit pa6oTM. 
Teopema 4.1. nycmt p G OJtoo (p(r)), K - nenpepuenoe cfiunumnoe ndpo na nojvy- 
ocu (0,oo). Tosda eunoAHMemcM paeencmeo 



Jipyrme TeopeMbi a6ejieBa THna b npeflCTaBjieHHoii pa6oTe - sto aHajiorn TeopeMbi 
4.1, KOTopbie nojiynaioTca npn pa3JiHHHbix orpaHHneHHax Ha a,n;po K h Mepy p. B o,ii;hhx 
cnynaax mm 0TKa3biBaeMca ot Tpe6oBaHHa cphhhthocth a,npa K. B ,npyrHx 6onee cjiojk- 
hmx cjiynaax mm TaKace oTKa3MBaeMca ot Tpe6oBaHHH HenpepbiBHocTH a,n;pa K. B o6in;eM 
cjiynae a,n;po K - bto 6opejieBCKaa cpyHKinia Ha nojiyocn (0, 00). 

OTMeTHM BaacHoe pa3JiHHHe MejK,ny ynoMHHyTMMH Bbiine npeflinecTByioiHiiMH pe- 
3yjibTaTaMH h pe3ynbTaTaMH npe,n;cTaBjieHHMMH b stoh pa6oTe. B npeflinecTByioiHiix Teo- 
peMax Hccjie,nyK)Tca cnynaH, Kor,n;a p aBjiaeTca peryjiapHoit Mepoit. B Hanrnx TeopeMax 
nccjie,nyeTca 3HaHHTejibHo 6ojiee ihhpokhh Kjiacc Mep. HanpHMep, b TeopeMe 4.1 sto 
Kjiacc DJloo (p(r)). 

ripn oTKaae ot HenpepbiBHocTH Hflpa K b cnynae o6ihhx pa^oHOBbix Mep npeflejibHoe 
MHOJKecTBo Fr[p] yjKe He onpe^ejiaeT MHoxcecTBo L(J, 00), KaK 3to bh^ho H3 TeopeMbi 



BaacHMM hobmm pe3yjibTaTOM aBjiaeTca yTBepjK^eHHe, hto b cnynae pa3pbiBHbix 
H,n,ep K npe,nejibHoe MHoxcecTBo Fr[p] Mepbi p o,n;H03HaHHo onpe^ejiaeT MHoxcecTBo 
-Fr[s]. OflHHM H3 flocTHJKeHHH paGoTM aBjiaeTca to, hto bbo,thtch b paccMOTpeHHe npe- 
,n;ejibHoe MHOJKecTBo Fr[s] Mepbi s. Cjieflyiomaa TeopeMa - 3to o,h,hh H3 ochobhmx pe- 
3yjibTaTOB pa6oTM. HanoMHHM, hto cpyHKHHH ^(t) onpeflejiaeTca paBeHCTBOM ( ll.ip . 

TEOPEMA 4.8. IIycrm> p(r) npou360At>HUU ymoHHeHHUU nopndoK, p G 
Wl(p(r)). Ilycmt) K - 6ope/ieecKasi d}yHKV,usi na nojiyocu (0, 00) manasi, umo 
t p ~ 1, y(t)K(t) G Li(0, 00), \I/ - diyHKv,uH onpedejineMasi paeencmeoM U.fy) . Tosda Me- 
pa s, ds(t) = ^(t)dt, npunadjieMcum KJiaccy Wl(p(r) + 1) u ee npedejiwoe Mnootcecmeo 
Fr[p(r) + l,s] cocmoum U3 a6cojiK>mHO nenpepuenux Mep, MHoencecmeo njiorrmocmeu 
Komopux UMeem eud 



B Tex cnynaax, Kor,n;a 113 Hainirx TeopeM nojiynaeTca paBeHCTBO L( J, 00) = {0}, bo- 
npoc o nopa^Ke pocTa cpyHKHHH \l/(r) Ha GecKOHeHHocTH ocTaeTca otkpmtmm. 

PaccMOTpHM cjiynafi, Kor^a K - 6ecKOHenHo flncpcpepeHHiipyeMoe cpHHHTHoe a,n;po Ha 
nojiyocn (0, 00). B 3tom cnynae Hapa,n;y c cpopMyjiofl ( II .2\ ,n,jia cpyHKii^HH ^(r) cnpaBefl- 
jihbm cpopMyjibi 



L( J, 00) 




4.2. 




00 




n = 0, 1, 



(1.3) 







r A e F (t) = p(t), F^ +1 (t) = F n (t). 
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CTaBHTca Bonpoc: no3BOJiaioT jih TeopeMa 4.1 h paBeHCTBa f ll .3j) onpe,n;ejiHTb nopaflOK 
pocTa cpyHKi^HH ty(r) Ha GecKOHeHHoc™? 3tot Bonpoc Hccjie,n;yeTca b KOHue pa3,n;ejia 4. 
OTBeT cjie,nyioiu,HH. B paccMaTpHBaeMOM cnynae TeopeMa 4.1 h paBeHCTBa ( 11.31) nacTo 
,n;aioT OTBeT o nopa^Ke pocTa cpyHKixHH \l/(r) Ha 6ecKOHeHHocTH. OflHaxo, HMeioTca pa3- 
jiHHHbie HCKjHOHHTejibHbie cjrynaH. B 3thx cnynaax Bonpoc o nopa^Ke pocTa cpyHKHiin 
\I/(r) Ha GecKOHeHHocTH bmxoaht 3a paMKH Haniefi pa6oTbi. 

06paTHMca Tenepb k TeopeMaM Tay6epoBa THna. BaacHbiMH pe3yjibTaTaMH Tay6epo- 
boh TeopHH hbjihiotch Tay6epoBbi TeopeMbi BnHepa. CcpopMyjinpyeM 3th TeopeMbi. 

oo 

Teopema 1.1. IJycrrib F(x) G oo, oo), / F(x)e~ iXx dx ^ npu A G (-oo, oo), 

— oo 

g(x) - u3MepuMan ozpanunennasi <f>yHKu,ufi na eeu^ecmeeHHOu ocu. IIycmt> 

oo oo 

lim / F(x - y)g(y)dy = A / F(y)dy. 

x^+oo J J 

— oo — oo 

Tosda djin jih>6ou giynKi^uu H G L\{— oo, oo) eunoAHaemca paeencmeo 

oo oo 

lim / i2"(x - y)g(y)dy = A / H(y)dy. 

— oo — oo 

06o3HaHHM iepe3 M npocTpaHCTBo HenpepbiBHbix cpyHKHiiii F Ha och (—00,00) c 
KOHeHHoit aMajibraM-HopMoil 



OO 



\M — 

n= — oo 



max{|F(x)| : x G [n, n + 1]}. 



Cjie,zryioiii;yio TeopeMy nacTo Ha3biBaioT BTopoil Tay6epoBofl TeopeMoft BnHepa. 

00 

Teopema 1.2. IIycmt> F G M, / F(x)e~ lAx (ix 7^ npu A G (—00,00), u nycmt, v 

—00 

- padonoea Mepa na eeu^ecmeeuHou ocu, manan, nmo 3am neKomoposo B > u ak>6ozo 
ufijiozo n eunoAHfiemcfi nepaeencmeo \u\([n,n + 1]) < B. lJycmt> 

00 00 

lim / F(x — y)dis(y) = A / F(y)dy. 
J J 

—00 —00 
Tosda djin, ato6ou diymzuiiu H G M eunoJinsiemcsi paeencmeo 



lim / H(x — y)du(y) = A / H(y)dy. 

x— >-+oo 



HaM 6yn,eT ynp6Ho HMeTb ,n;ejio c MyjibTHnjiHKaTHBHbiM b apn aHTOM TeopeMbi 1.2, koto- 
pbiii nojiynaeTca H3 TeopeMbi 1 . 2 3aMeHofi nepeMeHHofi y = In t b HHTerpajiax h Hcnojib30- 
BaHHeM o6o3HaHeHHH x = lnr, if(t) = jF(-lni), dji{t) = tdv(Yn.t). 
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06o3HaHHM Hepe3 M\ npocTpaHCTBo HenpepbiBHbix cpyHKHiiii K Ha nojiyocn (0,oo), 

oo 

fljia KOTopbix cxoflHTca pafl K n e n , rp<5 K n = ma,x{\K (x) \ : x G [e n , e n+1 ]}. 

n= — oo 

oo 

TEOPEMA 1.3. Ilycmb K(t) G Mi, J K(t)t iX dt ^ npw A G (—00,00), nycmb fi - 



padonoea Mepa na nojiyocu (0, 00) manasi, umo djin neKomopodo B > u ak>6oso u,e/ioeo 
n eunojmsiemcn, Hepaeencmeo \p\([e n ,e n+1 }) < Be n . nycmb 

00 00 

lim - f k(-) d/i(t) = A f K(t)dt. 
r— >-oo r J \ r J J 


Tozda djin jik>6ou d)ynKU,uu Q G M\ eunojinsiemcsi paeencmeo 



00 00 

lim - / Q (-} d/i(t) = A f Q(t)dt. 
■1 — ►oo r J \r J J 



©opMyjinpoBKa TeopeMbi 1.3 Hacjie,nyeT BiiHepoBCKyio cpopMyjinpoBKy Tay6epoBofl 
TeopeMbi. OflHaKo, 3Ta TeopeMa 3KBHBajieHTHa TeopeMe c Gojiee cTaHflapTHofi cpopMyjin- 
poBKoit ,n;jia Tay6epoBbix TeopeM. 

00 

Teopema 1.4. Ilycmb K(t) G Mi, / K{t)t iX dt ^ npu A G (-00,00), nycmb fx - 



padonoea Mcpa na nojiyocu (0, 00) manasi, umo djisi nenomopoeo B > u ak>6o20 u,e/ioeo 
n eunojinsiemcsi Hepaeencmeo \p\([e n , e n+1 }) < Be n . Ilycmb cyu^ecmeyem npede/i 

00 

lim - / K ( - ] dp(t) = c. 
r^-oo r J \r ) 


Tozda npedejibnoe MHocncecmeo Fr[fi] Mepu p cocmoum U3 eduncmeennoil Mepu v, 

00 

dv{x) = ^-dx, c\ = f K(t)dt. 

Cl 

TeopeMa 1.4 ecTb TpHBHajibHoe cjie,n;cTBHe TeopeMbi 1.3, b h§m jierico y6e,n;HTbca, ecnn 
nocMOTpeTb b TeKCTe cTaTbii Ha TOHHoe onpe^ejieHHe npe,n;ejibHoro MHoxcecTBa, r,n;e pac- 
HiHcppoBbiBaeTca cooTHonieHHe pt n — > v. B cboio onepeflb, TeopeMa 1.3 ecTb cjie^cTBHe 
TeopeMbi 1.4 h cooTBeTCTByioHi,eH a6ejieBofi TeopeMbi. 

PaccMOTpHM Tay6epoBy TeopeMy, flOKa3aHHyio b pa6oTe. 

TEOPEMA 5.8. Ilycmb p(r) - npou360Abnuu ymounennuu nopndoK, p - padono- 
ea Mepa na nojiyocu (0, 00) U3 n/iacca DJl(p(r)), K - 6opejieecKasi gjyHKu,un na nojiy- 

00 

ocu (0,oo) maKan, umo t p ~ 1 ^(t)K{t) G Li(0, 00). Ilycmb dhynKUXisi J K(t)t p ~ 1+ ' lX dt He 



o6paui ) aemcsi e nojib na eeu^ecmeennou ocu u nycmb d)yHKu,usi \I/(r) onpedejinemcsi paeen- 
cmeoM \1.2i) . Tosda ecjiu Mepa s, ds[t) = ^{t)dt, siejisiemcsi pegyAnpnou Mepou omnocu- 
me/ibHO ymoHHeuHozo nopndna p{r) + 1, mo Mepa p neJinemcR pesyAnpnou Mepou om- 

HOCumejibHO ymonneHHOso nopsidna p{r), npuueM ecjiu Fr[s] cocmoum U3 Mepu c ruiom- 

00 

Hocmbw ct p , mo Fr[p] cocmoum U3 Mepu c njiomnocmbK) -^t p ~ l , ede c\ = J K(t)t p ~ 1 dt. 
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1. B TeopeMe 1.4 paccMaTpiiBaeTca cjiynafi p(r) = 1, b TeopeMe 5.8 paccMaTpHBaeTca 
npoH3BOJiBHBiil yTOHHeHHbiil nopa,n,oK. OflHaKo ii nacTHbift cjiynaii TeopeMBi 5.8, Kor,n;a 
p(r) = 1, 3HaHHTejibHo cmibHee TeopeMbi 1.4. PaccMOTpHM Gojiee noflpoGHO stot cjiynaii. 

2. SiiaHiiTejibHo ocjiaGjiaeTca Tpe6oBaHiie Ha a,npo K. IIpii 3tom flonycxaioTca pa3- 
pbiBbi y a,npa K ii jioxajibHaa HeorpaHiineHHocTb a,n;pa K. B TeopeMe 1.4 Tpe6yeTca, hto- 

oo 

6bi a,n;po K 6mjio HenpepbiBHbiM ii cxo^iuica pa^ ^2 K n e n . B paccMaTpiiBaeMOM nacT- 

n= — oo 

hom cjiynae TeopeMbi 5.8 3to Tpe6oBaHiie ocjiaGjiaeTca j\o Tpe6oBaHna K{t) G £i(0, oo). 

3. Tpe6oBaHiie cym,ecTBOBaHiia npeflejia lim -\I/(r) b paccMaTpiiBaeMOM BapHaHTe 

TeopeMbi 5.8 ocjia6jiaeTca, rpy6o roBopa (roHHbie cpopMyjnipoBKH cm. b TeopeMax 3.19, 

r 

3.20), ,n;o Tpe6oBaHiia cymecTBOBaHHH npeflejia lim \ f $(i)dt. 

r— »oo r ^ 

BMecTe c TeM 3aKjnoHeHHa b TeopeMe 1.4 ii paccMaTpiiBaeMOM BapHaHTe TeopeMbi 5.8 

OflHHaKOBbie. 

TeopeMa 5.8 aBjiaeTca Tarcate ycmieHHeM TeopeMbi BiiHrxeMa, IbjiflH h Teyrejica [2], 
pa3,n;eji 4.9, TeopeMa 4.9.1. nocjie,n;Haa TeopeMa Taicsce mrriipyeTca b [7], rjiaBa 4, TeopeMa 
9.3. B TeopeMe BimrxeMa, Tojiflii h Teyrejica Tax ace, kbk h b TeopeMe 5.8, paccMaTpn- 
BaeTca npoH3BOJibHbiit yTOHHeHHbift nopa,n,oK. OflHaKo b yKa3aHHoii TeopeMe paccMaTpn- 
BaioTca TOJibKo nojiojKiiTejibHbie Mepbi h TpeGyeTca KOHeHHocTb aMajibraM-HopMbi H,npa 
K. 

HecKOJibKo cjiob o ^,0Ka3aTejibCTBe TeopeMbi 5.8. TeopeMa 4.8 cbo^iit flOKa3aTejibCTBo 
TeopeMbi 5.8 k ,n;oKa3aTejibCTBy efliiHCTBeHHocTii peineHiia iiHTerpajibHoro ypaBHeHHa 

oo 

J K f ~J du{t) = cr p 
o 

c HeH3BecTHofl Mepofl v. Taxoe ,n,oKa3aTejibCTBo npoBOfliiTca mcto^om KapjieMaHa. npH 
3tom npiixoflHTca ycHjiiiBaTb jieMMy KapjieMaHa 06 aHajiHTHHecKOM npoflOJiJKeHHH. 

oo 

B pa6oTe Taxace ,n;oKa3biBaeTCH BapnaHT TeopeMbi 5.8, iyje cpyHKii^HH J K(t)t p - 1+iX dt 



pa3peniaeTca o6pani,aTbca b HOJib Ha BemecTBeHHOH och b KOHeHHOM nncjie ToneK. 



2 06 yTOMHeHHOM nopa,zi,Ke 

IlycTb f(r) - nojioJKHTejibHaa cpyHKinia Ha nojiyocn (0, oo) h nepefl hemh ctoht 
3aflana onncaTb acHMnTOTHHecKoe noBefleHHe (pyHKHiin / Ha GecKOHeHHocTH. BajKHoii 
hhcjioboh xapaKTepHCTHKofl cpyHKHHH / aBjiaeTca ee nopndon p, KOTopbifi onpeflejiaeTca 
no (popMyjie 

p = lim — ■ . 

r^oo mr 

B o6iueM cjiynae BejiHHHHa p ecTb sjieMeHT pacninpeHHOH hhcjioboh npaMoft [—00,00]. 
CooTHonieHHeM p G (—00, 00) BbbnejiaeTca BaaoibiH Kjiacc a^yHKHiiii - a^yHKiniii KOHen- 
Horo nopa^Ka. B flajibHeftnieM mm 6yneM paccMaTpHBaTb 4)yHKHiiH KOHenHoro nopaflKa. 
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Ecjih p - nopa,n;oK cpyHKHHH /, a e - npoH3BOJibHoe CTporo nojioaoiTejibHoe hhcjio, 
to BbinojiHaeTca cne,nyiomaa cncTeMa HepaBeHCTB 

f{r) < r p+£ , r > R(e), 

f(r)>r p - £ , rEE, (2.1) 

r,ne E - HexoTopoe, 3aBHcaiu,ee ot e h /, HeorpaHHHeHHoe MHoxcecTBo. Ecjih b KOHKpeTHofi 
3aflane cncTeMa HepaBeHCTB ( 12 .ip hbjihctch cjihhikom rpy6ofl, to npiixofliiTca BBOflHTb 
6ojiee TOHKiie xapaKTepncTHKH pocTa cpyHKHHH /, neM nopaflOK. 
TunoM cpyHKUHH / npn nopa,n,Ke p Ha3biBaeTca BejiHHHHa 

KaK noKa3bmaeT npHMep f(r) = Ar p (ln(e + r)) /3 , A > 0, (3 E (— oo, oo), fljia cpyHKHHH 
nopa^Ka p BejiHHHHa a MoaceT 6biTb npoH3BOJibHbiM ajieMeHTOM MHoxcecTBa [0, oo]. 

B 3aBHCHMocTH ot Toro, KaKoe H3 cooTHonieHHH a = 0, a E (0, oo), a = oo BbinojiHa- 
eTca, cpyHKinia / Ha3biBaeTca cpyHKiniefi MUHUMa/ibnoeo, nopMajihuodo hjih MaKCUMaJit>- 
Hoeo Tuna npn nopaflKe p. Ecjih a < oo, to fljia jno6oro e > BbinojmaioTca HepaBeHCTBa 

f(r) < (a + e)r p , r>R{e), 

f(r) > (a - e)r p , r E E, (2.2) 

r,n;e E - HeKOTopoe HeorpaHHHemioe mhojkbctbo, 3aBHCHmee ot / h e. HepaBeHCTBa ( 12. 2p 
- 3to 3HaHHTejibHo Gojiee TOHHbie HepaBeHCTBa, neM HepaBeHCTBa (12.1)) . 

ByneM roBopHTb, hto cpyHKHHH f(r) pacTer Ha GecKOHeHHocTH KaK cpyHKinia (p(r), 
ecjiH cymecTByeT nocTOHHHbie a h 6, < a < 6, TaKHe, hto BbinojiHaioTca HepaBeHCTBa 

f(r) < b<p(r), r > R, 
f(r) > a<p(r), r EE, 

r^e E - HeKOTopoe Heorp aHHHeHHoe MHoacecTBo. 

Ecjih cpyHKinia f(r) HBjiaeTca cpyHKinieH HopMajibHoro rana npn nopaflKe p, to, KaK 
cjie^yeT H3 HepaBeHCTB (12 .2p . cpyHKHHH f(r) pacTer Ha 6ecKOHeHHocTH KaK cpyHKinia r p . 

Ecjih cpyHKHHH f(r) HBjiaeTCH cpyHKHHeH MHHHMajibHoro hjih MaKCHMajibHoro THna 
npn nopa^Ke p, to stoh HHCpopMauiiH He^ocTaTOHHO, hto6m yKa3aTb ,npcTaTOHHO npoc- 
Tyio cpyHKHiiio <p(r) TaKyio, hto6m cpyHKHHH f(r) pocjia Ha 6ecKOHeHHocTH KaK cpyHKinia 
<p(r). 

B cbh3h co cKa3aHHMM Bbinie ecTecTBeHHo B03HHKaeT cjieflyiomaH 3aflana, Ha30BeM 
ee 3aflaHeH A. Heo6xo,n;HMo yKa3aTb Kjiacc cpyHKHHH 21, coctohihhh H3 ,npcTaTOHHo npoc- 
tmx cpyHKHHH, no cbohm CBoftcTBaM noxoJKHX Ha cpyHKHHH r p h TaKofi, hto6m fljia jiio6oh 
cpyHKHHH / KOHeHHoro nopaflKa b Kjiacce 21 Hanijiacb 6bi TaKaa cpyHKHiia <p(r), hto6m 
cpyHKHHH f(r) pocjia Ha 6ecKOHeHHocTH KaK cpyHKHHH <p(r). 

KaK mm y»ce 3HaeM, Kjiacc cpyHKHHH, coctohihhh H3 cpyHKii,HH r p , He HBjiaeTca TaKHM 
KjiaccoM. BiycTb ln^r - /c-Taa HTepau^HH jiorapncpMa, HanpHMep, ln2 r = lnlnr. O60- 
3HaHHM nepe3 efc TaKyio nocjie,n;oBaTejibHocTb: e\ = e, e^+i = e efc . Mojkho npoBepHTb, 

HTO KJiaCC, COCTOHHl,HH H3 CpyHKHHH BHfla 

<p(r) = r p {\n{r + e)) Ql ...(ln fc (r + e k )) a \ (2.3) 
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r^e k— npoH3BOJibHoe HaTypajibHoe hhcjio, a p, cti,..., ctfc - npoH3BOJiB.Ht.ie BemecTBeHHbie 
HHCJia, Taxace He HBjiaeTca TaKHM KjiaccoM. Bh,zlho, hto ccpopMyjinpoBaHHaa 3a,n;aHa He 
HBjiaeTca TpHBHajiBHoit. IlyTb k penieHHio stoh sa^ann yKa3aji BajinpoH [8J. 

A6cojiiotho HenpepbiBHaa cpyHKHHa p(r) Ha nojiyocn (0, oo) Ha3biBaeTca ymonnen- 
hum nopndKOM (b CMbicjie BajinpoHa), ecjin BbinojmaioTca ,n;Ba ycnoBHH : 

1) lim p(r) = p(oo) = p G (—00, 00), 

r— >+oo 

2) lim r In rp'{r) = 0. 

r— >+oo 

3aMeTHM, hto nofl p'(r) cjie,ziyeT noHHMaTb MaKCHMajibHoe no MOflyjno npoH3Bo,n;Hoe hhc- 

JIO. 

Mm 6yneM Hcnojib30BaTb cjieflyioHi;ee o6o3HaneHHe V(r) = r p ( r \ 3aMeTHM, hto V(l) 
= 1. 

OTMeTHM cjie,ziyK)iuee cbohctbo yTOHHeHHoro nopa^Ka (cmotph, HanpHMep, [T] rjiaBa 
1, §12). 

Teopema 2.1. Tlycmt) p(r) - npou3eoAt>Huu ymouneHHUu nopndoK, p = p(oo). 
Tosda d/in jih>6ozo t > cyv^ecmeyem npedeji 

lim = t", 

u amom npedeji aejiaemcsi paenoMepnuM na jiw6om cedMenme [a, b] C (0, 00). 

yTOHHeHHbiii nopaflOK p(r) Ha3biBaeTca yTOHHeHHbiM nopa^KOM cpyHKiiHH /(r), ecjin 
BbinojiHaeTca cooTHonieHHe 

f(r) 

lim g-± = ae 0,oo . 

BbinojmeHHe 3Toro cooTHonieHHa aKBHBajieHTHo y TBepjK^neHHio , hto cpyHKinia /(r) 
pacTeT Ha 6ecKOHenHocTH KaK cpyHKinia V(r). SaMeTHM TaioKe, hto ecjin p(r) - yTon- 
HeHHbifi nopa,n,OK cpyHKHHH f(r), to hhcjio p = p(oo) HBjiaeTca nopa^KOM cpyHKHHH f(r). 

BaacHocTb noHaTHH yTOHHeHHoro nopHflKa cjie^yeT H3 Toro, hto Kjiacc 21, cocTaBjieH- 
Hbiii H3 cpyHKniift BHfla V(r) = r p ^ HBjiaeTca penieHHeM nocTaBjieHHoft Bbnue 3a,n;aHH 
A. llocjieflHee BbiTexaeT H3 cne,ziyK)iiieH TeopeMbi. 

Teopema 2.2. IIycmt> f(r) - (fiyHKi^uH KOHennodo nopndKa p. Tozda cyu^ecmeyem 
ymouHeHHUU nopndoK p(r) manou, umo euno/mMomcsi ycjioeun: 

1 ) lim p(r) = p, 

r— >oo 

2) cfiyHKyufl, p{r) nejiHemcH MonomoHHOu cpyHKi^ueu na no/iyocu [l,oo) ; 

3) eunoJiHfiemcfi Hepaeencmeo 

(r + e) ln(r + e)|p'(r)| < \p{r) — p\, r > 1, 

4) eunoJiHaemcsi coomnoiueHue 

lim M = a E (0,oo). 
1 — >oo v (r) 



9 



^OKaaaTejit-CTBo stoh TeopeMbi mojkho Haft™ b [9]. IIpaBfla, b [9] flonojiHHTejibHo 
Tpe6yeTca, htoGm cpyHKHira f(r) 6bijia HenpepbiBHoft. Ceftnac mm ybh^hm, hto bto He- 
cymecTBeHHoe Tpe6oBaHiie. 

IlycTb f(r) - npoH3BOJibHaa cpyHKHiia nopa^Ka p. He orpaHiiniiBaa o6ihhocth, mojkho 
CHHTaTb, hto cpyHKinia f(r) aBjiaeTca orpaHHHeHHoft Ha jiio6om cerMeHTe [0, N]. IlycTb 
n > - npoH3BOJibHoe iiejioe hhcjio. 06o3HaHHM m n = inf{/(x) : x G [n, n + 1]}, 
M n = sup{/(x) : x e [n, n + 1]}, a n = n + |, /3 n = n + §. Ctpohm cpyHKinno /i(r) cne- 
,nyK)iii;HM o6pa30M. Ha Ka:>K,zi,oM H3 cerMeHTOB [n, a n ], [a n , /3 n ], [/3 n , n + 1] OHa jiHHeftHa h, 
KpoMe Toro, BbinojiHaioTca paBeHCTBa fi(n) = f(n), fi(a n ) = m n , /i(/3 n ) = M n . OyHK- 
inia fi(r) HenpepbiBHa Ha nojiyocn [0, oo). OneBH^Ho, hto jno6oft yTOHHemibift nopa,n;oK 
cpyHKH^HH fi(r) aBjiaeTca TaKJKe yTOHHemibiM nopaflKOM cpyHKHHH f(r). 

OTMeTHM, hto cpyHKuna p(r), cyiHecTBOBamie KOTopoit yTBepjK,n;aeTca b TeopeMe 12.21 

o6jia^aeT HeKOTOpblMH flOnOJIHHTejIbHblMH CBOHCTBaMH, KOTOpblX HeT y npOH3BOJlbHbIX 

yTOHHeHHbix nopa,n,KOB. 3to, BO-nepBbix, cbohctbo mohotohhocth cpyHKHiiH p(r), a bo- 
BTopbix, ycjioBHe 3) H3 TexcTa TeopeMbi - 3to 6ojiee cnjibHoe orpaHHHeHHe Ha cpyHK- 
hhio p(r), neM Tpe6oBaHHe lim r In rp'(r) = H3 onpeflejiemia yTOHHeHHoro nopa,n;Ka. 

r— >+oo 

Bcne,zi,CTBHe SToro, TeopeMa 12.21 He BbiTexaeT H3 aHajiornnHbix yTBepjKfleHHft H3 [1], [2]. 

OTMeTHM ein,e cBH3b yTOHHeHHoro nopa,n;Ka c cpyHKHiiaMH peryjiapHo MeronomiiMHCH 
b cMbicjie KapaMaTbi. 

nojiojKHTejibHaa Ha nojiyocn (0, oo) cpyHKHiia f(r) Ha3biBaeTca pezyjinpno mghhw- 
v^eucK e CMuaae KapoMamu, ecjin fljia jno6oro A > cyinecTByeT KOHenHbift npe^eji 

lim 



f(r) 

CnpaBe,n;jiHBa cneflyiomaH TeopeMa. 

Teopema 2.3. Ecjiu f(r) - u3Mepujuasi cfiyHKi^usi, pezyjistpno Mensmv^asicsi e 
CMUcjie KapaMamu, mo cyvu^ecmeyem <fiyHKv,ufi C{r) — > 1 (r — > oo) u ymoHHeuHuu 
nopndoK p{r) manue, umo f(r) = C(r)V(r). 

3to xoponio H3BecTHaa TeopeMa o npeflCTaBjieHHH pjisi peryjiapHo MeHaromirxca 
cpyHKH,HH (cmotph, HanpHMep, [2j, TeopeMa 1.3.1). 

YTOHHeHHbiH nopa,n;oK p(r) Ha3biBaeTca nyjieeuM ymoHHeHHUM nopndKOM, ecjin 
lim p{r) = 0. 

r—^oo 

Ecjih p(r) - npoH3BOJibHbiH yTOHHeHHbiH nopa,n,OK, to p(r) = p+ p(r), r^e p = 
lim p(r), a p(r) - HyjieBoil yTOHHeHHbm nopa,n;oK. 

r— >oo 

Cmmcji BBe^eHHa yTOHHeHHoro nopa,n;Ka coctoht b tom, hto6m ,n;jia jho6oh cpyHKii^HH 
f(r) KOHeHHoro nopa,n,Ka HafiTH cpyHKii;Hio V(r) = r p ^ Taxyio, hto6m cpyHKH^na f(r) 
pocjia Ha GecKOHeHHocTH KaK (pyHKH,HH V(r). Upu penieHHH TaKofi 3a,n;aHH noBe,n;eHHe 
cpyHKii^HH p{r) b oKpecTHocTH Hyjia He nrpaeT HHKaKofi pojin. BMecTe c TeM, npn hc- 
cjie,n;oBaHHH KOHKpeTHbix 3a,n;aH b pa3JiHHHbix o6jiacTax MaTeMaTHKH nacTo B03HHKaioT 

oo 

HHTerpajibi BH,n;a J K(t, r)V(t)dt. Upu H3yneHHH cbohctb Taxoro HHTerpajia noBe,n;eHHe 
o 

cpyHKii;HH p{t) b OKpecTHocTH Hyjia Tax ace BaacHo, KaK h noBe,n;eHHe p(t) b OKpecTHoc- 
th GecKOHeHHocTH. HosTOMy b 3toh pa6oTe mm 6yn;eM npe,n;nojiaraTb, hto ,h;jih Hyjie- 
Boro yTOHHeHHoro nopa,n;Ka p(r) BbinojiHaeTca ,n;onojiHHTejibHoe ycjioBHe p (-) = —p(r). 
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3to paBeHCTBO aKBHBajieHTHo cjieflyiomeMy V (-) = V(r). 3tomy paBeHCTBy, HanpHMep, 
yflOBjieTBopaeT (pyHKn;Ha V(r) = 1 + | lnr| a , a > 1. CooTBeTCTByromHii yTOHHeHHbift no- 
pa,n,oK 3a^;aeTCH cpopMyjioil 

, . ln(l + I lnr| Q ) 
p{r) = - 



lnr 

3aMeTHM, hto npn a < 1 a^yHKHHH, 3a,n;aBaeMaa sthm paBeHCTBOM, He 6yneT yTOHHeHHbiM 
nopa,n;KOM, Tax kbk b onpe,n;ejieHHH yTOHHeHHoro nopa^Ka Tpe6yeTca, htoGm cpyHKHHH 
p(r) Gbijia a6cojiK>THo HenpepbiBHoft Ha nojiyocH (0, oo). 

Otmcthm eme, hto HajiHHHe paBeHCTBa p (-) = —p{f) BbbnejiaeT Tonxy 1 cpe^H 
,npyrHx ToneK nanyocn (0, oo). B nacTHocTH, H3 HanncaHHoro paBeHCTBa cjie,n;yeT, hto 
p(l) = 0. 

Ilpn paccMOTpeHHH yTOHHeHHoro nopa^Ka Hapa,n;y c cpyHKii;HeH p(r) nojie3Ho hc- 
nojib30BaTb cpyHKii;Hio rj(r) — p(r) +r In rp'(r). BbinojiHaeTca paBeHCTBO 

V(r) = ei . (2.4) 

CnpaBefljiHBocTb 3Toro paBeHCTBa jierxo npoBepnTb c noMombio jiorapncpMHpoBaHHa h 
nocjie^ioHj.ero flHcp<pepeHHHpoBaHHH. 

Ecjih p(r) - HyjieBoft yTOHHeHHbift nopa,n;oK, to rj(r) — > npn r — > oo. Ecjih, KpoMe 
Toro, p (-) = —p(r), to r\ f~) = — rj(r) h b 3tom cjiynae H3 cpopMyjibi (12. 4 p jierxo cjie^yeT, 
hto fljia jno6oro e > Ha nojiyocn (0, oo) BbinojiHaeTca HepaBeHCTBo 

V(r) < M £ (r e + r~ e ). (2.5) 

3to xoTa h rpy6oe HepaBeHCTBo, ho b HeKOTopbix cjiynaax oho 0Ka3biBaeTca nojie3HbiM. 

Ecjih rj(t) - jioKajibHo HHTerpnpyeMaa cpyHKHiia Ha nojiyocn [1, oo), HMeiomaa Hyjie- 
Boit npe,n;eji Ha 6ecKOHenHocTH, to cymecTByeT 6ecKOHeHHo flHa^cjDepeHHHpyeMaa Ha nojiy- 
ocn [1, oo) 4)yHKii;HH r)i(t), HMeromaa HyjieBoii npe,n;eji Ha 6ecKOHeHHocTH h Taxaa, hto 

oo 

6yneT cxoflHTca HHTerpaji J l^w^iwJ dt. ^onojiHHTejibHo mojkho noTpeGoBaTb, htoGm 

i 

oo 

BbinOJIHHJIOCb paBeHCTBO stom cjiynae pjisi cpyHKHHH V(r), onpe- 

l 

flejiaeMoii a^opMyjioil ( 12.41) 6yneT cnpaBefljiHBo paBeHCTBO 

V(r) = C{r)V x {r), 

r^e 

Vi(r) = e 1 , C(r) = e r 

H3 cKa3aHHoro jierxo cjie^yeT Taxaa TeopeMa. 

Teopema 2.4. Ilycmb p(r) - npou360Jit>Huu ny/ieeou ymoHHeHHUu nopadov, ma- 
kou, umo eunojiHHemcsi paeencmeo p (-) = —p(r). Tozda eunojiwemcM paeencmeo 

V(r) = C(r)V 1 (r), (2.6) 

sde Vi (r) = r Pl ^ , pi (r) - ny/ieeou ymonnennuu nopndoK, 6ecKoneHHo ducficfjepeHi^upye- 
muu na MHOotcecmee (0, 00) \ {1}, ydoejiemeopsiwu^uu paeencmey p\ (-) = —p\{r), a 
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C(r) - Henpepuenax na nojiyocu (0, oo) (fiyuKi^uH mama, umo C(r) — > 1 npu r — > oo 
u t — y 0. JJonoAHumeAbHO momcho 3adaeamt> npou360At>HO nopndoK Ma/iocmu (pyuKi^uu 
C(r) — 1 npw r — >■ oo w r — >■ 0. 

^ajiee 6yn;eT Hccne,n;oBaHa cpyHKuiia 7(t), o KOTopoii y»ce roBopujiocb bo BCTynjieroiii. 
B cjieflyiomeii jieMMe npuBOflHTCH jierxo ,n;oKa3biBaeMbie cBoiicTBa cpyHKuiiH 7(t). 

JIemma 2.1. IIycmt> pir) - nyjieeou ymouneHHUu nopndoK, ydoejiemeopfiioinuu 
ycAoeuw p (^) = —p{r) u nycmt> 

//xx V'(rt) , , //xx . , V(rt) 

7 (f = 7 P • , * = sup -^-f 7 t = 7 P • , * = mf -^-f 

Tosda cnpaeedjiueu CAedymvu^ue ymeepMcdenun: 

2)l{t)< 1 {t), 7(1) = 7 (1) = 1, 

^7(7) = ^ 7(|)=7(P(-),|)=7(-P(-)^), 

^ 7(^2) < 7(*i)7(*2), 7(^2) > 7(*i)7(*2), 
5; 7 (*) > V(t), jit) < V(t), 

6) <fiyHK%uu 7 (t) tt 7 (t) MejiMwmcM nenpepuenuMU <fiyHK%UHMU na nojiyocu (0, 00). 

,ZI,OKA3ATEJTbCTBO. YTBep»cfleHHe 2) oneBHflHo. ^ajiee HMeeM 

/1\ V(R) 1 1 

7 7 = sup — — = sup — — = - - v .. m = — -, 



/1\ V(R) R pi * R) {tR)~p( tR ) , /N , 

7 UJ = S p o n 7 ^) = S p o = E8 ~r=^~ = 7(-p(-), *)• 

TeM caMbiM yTBepjKfleHue 3) flOKa3aHo. 

II3 paBeHCTBa V^(l) = 1 cjie^yeT yTBepacfleHue 5). 

Tax Kax lim XtPt = 1, lim -777-y = 1, to cymecTByioT uucjia ri, r2, < r\ < 

Taxue, uto npu r G (0,ri) U (r2,oo) 6yri;eT BbinojiHaTbca HepaBeHCTBo < 2. Tax 

Kax cpyHKuiia HenpepbiBHa npu r G [r± , r-^ , to cymecTByeT hhcjio M > Taxoe, 

uto npu r G [ri, r?\ 6yn;eT BbinojiHaTbca HepaBeHCTBo < M. H3 aToro cjie,n;yeT, uto 

7(i) < max(M, 2). BMecTe c HepaBeHCTBOM 7 (i) > V(t) bto ,n;aeT 7 (t) G (0, 00). ^ajiee 
H3 3) cjie,n;yeT, hto 7 (t) G (0, 00). TeM caMbiM yTBepacfleHue 1) flOKa3aHo. 
yTBepjK^eHHe 4) oueBH^Ho. 

06o3HaUHM 

7(r t)=?W 
W} V{r)' 
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IlycTb [a, b] - npoH3BOJibHbiit cerivreHT Ha nojiyocn (0, oo), e - npoH3BOJibHoe cTporo 
nojiojKHTejibHoe hhcjio. Tax k&k npeflenbi 

r V(rt) V(rt) 
lim = 1, lun = 1 

i — >oo V [r) i — >-o V (r) 

no TeopeMe 12.11 paBHOMepHbie Ha cerMeHTe [a, b], to cymecTByioT nncna h r^, < 
r3 < r4, TaKHe, hto npn jno6bix ti h *2 G [a, 6] npn jno6bix r G (0, rs) U (74,00) 6yzryT 
BbinojiHHTbca HepaBeHCTBa 

-e< 7M2) -7(r,ti)<£- (2.7) 

Tax KaK cpyHKHHH 7(r, £) HenpepbiBHa b npHMoyrojibHHKe [rs, r^] x [a, b], to no TeopeMe 
KaHTopa OHa paBHOMepHo HenpepbiBHa b stom npaMoyrojibHHKe. IIo3TOMy cymecTByeT 
5 > TaKoe, hto npn ti,t% G [a, 6], |£i — £2! < 5, r G ^3,7-4] 6yneT BbinojiHHTbca He- 
paBeHCTBo ( 12 .7p . BMecTe c paHee ,n,oKa3aHHbiM bto flaeT, hto HepaBeHCTBa ( 12 .7p 6yzryT 
BbinojiHHTbca fljia jhoGmx £1, £2 G [a, 6], (£2 — £i| < 5 k fljia jno6bix r > 0. 

IlycTb £1, £2 G [a, b], |£2 — £i| < 5. ^jih jno6oro r > BbinojmaeTca HepaBeHCTBo 

7(*2)-7(^i)<7(^)-7(r,ti). 

CymecTByeT r > Taxoe, hto 7^2) < 7(7, £2) + £■ BMecTe c ( 12 .7p 3to flaeT 7^2) — 7(£i) < 
2e. B 3tom HepaBeHCTBe mojkho noMeHHTb MecTaMn £1 h £2. IIoaTOMy ^(£2) — 7(^1) I < 2e. 
H3 3Toro cjie,n;yeT HenpepbiBHocTb cpyHKniiH 7(£) Ha cerMeHTe [a, 6], a 3HanHT n Ha nojiy- 
och (0, 00). YTBepjKfleHHe 6), a BMecTe c hhm h jieMMa, flOKa3aHbi. 

Teopema 2.5. Ilycmb p(r) - npou360M>Huu nyjieeou ymoHn'dnnuu nopndoK ma- 
kou, umo p (i) = —p(r) u nycmb 

7 (£) = snp^. (2.8) 

Todda eunojiHsiwmcsi paeencmea 

ln 7 (£) ^7(7) 
lim - n 1 = 0, lim / Ktl = 0. 

t-s-oo ln£ t-»oo ln£ 

^OKASATEJlbCTBO. IlycTb cpyHKinia V\{r) onpe^ejiaeTca paBeHCTBOM ( 12 .6p . Cnpa- 
BefljiHBbi HepaBeHCTBa 

1 Vi(r) 
— < — — < M. 

M ~ V(r) ~ 

^ajiee HMeeM 

V(rt) Vdrt) V(rt) Vx(r) „, 2 V"i(r£) „, 2 , , 

7 £ = sup -^f = sup ; l ; ) ; 11 ; < m 2 S u P -^f = m 2 7 Pl • , £ . 

r>o V^(r) r >o Vi(r) Vi(ri) V(r) r>0 V^r) 

M.3 3Toro cjie^yeT, hto TeopeMy ^ocTaTOHHo flOKa3biBaTb fljia cnynaa, Kor,n;a yTOHHeHHbin 
nopa,n;oK p(r) aBjiaeTca flHcpcpepeHHiipyeMoft (pyHKinieii Ha MHOJKecTBe (0, oo) \ {1}. B 
flajibHeitnieM flOKa3aTejibCTBe 6yneM cnnraTb, hto 3to ycjioBHe BbinojiHaeTca. 
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06o3HaHHM h(x) = lnV(e x ). OyHKHna h(x) 6yn;eT HenpepbiBHoii HeTHoii (pyHKinien 
flncpcpepeHinipyeMon Bcio^y 3a bo3mojkhmm HCKjnoneHHeM Hyjia. To, hto p(r) - HyjieBoft 
yTOHHeHHbiit nopa,n;oK, npnBOflHT k cooTHOineHHio 

l im ^M =0 . (2.9) 

x^+oo X 

YcjiOBHe lim r\rvrp'{r) = 0, KOTopoe sKBHBajieHTHo ycjioBnio lim = 0, npHBOfliiT 

K COOTHOnieHHK) 

lim h'(x) = 0. (2.10) 

x— >+oo 

BbinojiHaeTca paBeHCTBo 

<p(y) = In ■y(e y ) = sup (h(x + y) — h(x)). 

a;E( — 00,00) 

IlepBoe yTBepjK,n;eHHe TeopeMbi sKBHBajieHTHo paBeHCTBy 

lim ^-=0. (2.11) 

J/-S-+0O y 

Ecjih 9to paBeHCTBo He BepHo, to cymecTByioT hhcjio a > 0, nocneflOBaTejibHocTb 
y n +oo ii nocjie,n;oBaTejibHocTb x n G (— oo, oo) Taiaie, hto 

|/i(^n + 2/n) - /i(^n)| > ay n - (2-12) 

^onojiHHTejibHo mojkho cHiiTaTb, hto cymecTByeT 3jieMeHT a G [—oo, oo] Taxon, hto 
x n — > a npii n — >■ oo. IlycTb e - npoii3BOJibHoe hhcjio 113 HHTepBajia (0, |a). 

^onycTiiM, hto a G (—00,00). Tbr,n;a fljia Bcex ^ocTaTOHHo 6ojibiniix n 6yn;eT bm- 
nojmaTbca HepaBeHCTBO 

\h(x n + y n ) - h(x n )\ < e(x n + y n ) + \h(a)\ + 1 < ey n + e(\a\ + 1) + \h(a) \ + 1. 

3to HepaBeHCTBO npoTHBopennT HepaBeHCTBy ( I2.12p . 

^onycTHM, hto a = +00. Tor,n;a cymecTByeT hhcjio £ n G (x n ,x n + y n ) Taxoe, hto 
BbinojiHaeTca paBeHCTBo h(x n + y n ) — h(x n ) = h'(^ n )y n . Tenepb H3 paBeHCTBa ( 12. 10H 
cjie,n;yeT, hto pjisi Bcex ^ocTaTOHHo Gojibinnx n BbinojiHaeTca HepaBeHCTBO \h(x n + y n ) — 
h(x n )\ < ey n . 3to HepaBeHCTBO npoTHBopennT HepaBeHCTBy (12. 12j) . 

Tenepb ,n;onycTHM, hto a = —00. Mojkho ^onojiHHTejibHo npe,n;nojio:>KHTb, hto cy- 
mecTByeT sjieMeHT j3 G [—00, 00] TaKoit, hto x n + y n — > /3 npn n — >• 00. 

^onycTHM, hto {3 G (—00,00). Tor,n;a fljia Bcex ^ocTaTOHHo 6ojibHiHx n 6yzryT bh- 
nojiHHTbca HepaBeHCTBa 

\h(x n + y n ) -h(x n )\ < \h(P) \ + 1 + e\x n \ < \h(/3)\ + 1 + e\x n + y n \ + ey n 

< \h{p)\ + l + e{\P\ + l) + ey n . 

3to HepaBeHCTBO npoTHBopemrr HepaBeHCTBy ( 12 . 1 2 H . 

^onycTHM, hto (3 = —00. Tor,n;a cymecTByeT hhcjio £ n G (x n ,x n + y n ) Taxoe, hto 
BbinojiHaeTca paBeHCTBo h(x n + y n ) — h(x n ) = h'(£ n )y n . Tenepb H3 paBeHCTBa ( 12. lOj) n 
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neTHocTH cpyHKHiin h cjie,nyeT, hto fljia Bcex ^ocTaTOHHo 6onbHiHx n 6yn;eT BbinonHHTbca 
HepaBeHCTBo \h{x n + y n ) — h(x n ) \ < ey n . 3to HepaBeHCTBo nporaBopeHHT HepaBeHCTBy 

^onycTHM Tenepb, hto (3 = +00. Tor^a fljia Bcex ^ocTaTOHHo 6onbiHHx n 6yneT 
BbinOJIHHTbCH HepaBeHCTBo 

\h(x n + y n ) - h(x n )\ < e(x n + y n ) + e\x 

n I — ^y-n- 

3to HepaBeHCTBo npoTHBopenHT HepaBeHCTBy ( I2.12p . 

IIojiyHeHHbie npoTHBopenHa flOKa3biBaioT paBeHCTBo ( I2.1ip . a 3HaHHT h paBeHCTBo 

lim ^ = 0. (2.13) 

H3 aToro paBeHCTBa h yTBepjKfleHHH 3) jieMMbi 12.11 cjie,zryeT paBeHCTBo 

ln'Y ( l ) 

lim / ytJ = 0. (2.14) 

TeopeMa ,n;oKa3aHa. 

IlycTb Tenepb p(r) - yTOHHeHHbiit nopaflOK, npeflCTaBHMbiit b BH,ne p(r) = p + p(r), 
r^e p(r) - HyjieBofi yTOHHeHHbifi nopaflOK, yflOBjieTBoparoiHHH ycjioBHio p(^) = ~P (¥)■ 
B 3tom cjiynae npn r > h t > BbinojiHaeTca HepaBeHCTBo 

V(rt) < t p <y(t)V(r), (2.15) 

r^e HenpepbiBHaa cpyHKHiia ^(t) ynpBjieTBopaeT cooTHomeHHHM ( 12 . 13j) . ( 12. 14j) . KaK yace 
OTMenajiocb bo BCTynjiemiH, yTBepjK,n;eHHe o cnpaBefljiHBocTH 9Toro HepaBeHCTBa hbjih- 
eTca HeKOTopbiM ycHjieHHeM pe3yjibTaTa IIoTTepa [3] h 3HaHHTejibHbiM ynpomeHHeM ero 
cpopMyjinpoBKH. Pe3yjibTaT IIoTTepa HHTHpyeTca h Hcnojib3yeTca b [2]. HepaBeHCTBo 
( 1 2 . 1 5 f) ,n;oBOJibHo nacTo Hcnojib3yeTca b npeflCTaBjieHHofi pa6oTe. IIojie3HocTb aToro He- 
paBeHCTBa mojkho TaKJKe yBH,n;eTb, aHajiH3Hpya ,n;oKa3aTejibCTBo cne,zryK)iiieH jieMMbi. 

JIemma 2.2. Ilycmt) p{r) - npouseo/ibHuu nyjieeou ymoHHtHHUu nopndoK, ydoe- 
jiemeopfiK>w ) uu ycjioeuw p (-) = —p(r) u nycmt> 



00 



n J t l + r< 


Tosda cnpaeed/iueu cjiedymvu^ue ymeepMcdenun: 

1) cfiyHKi^usi Vi(r) donycnaem eoJioMopcpHoe npodojicHcenue c no/iyocu (0, 00) e no/iyruioc- 
Kocmt> 5fc > 0, 

2) V x {r) = r p ^ r \ zde p t {r) - ny/ieeou ymoHHenHuu nopndoK, ydoe/iemeopnwu^uu ycjio- 
euto pi (i) = -pi(r), 

3) eunojiHttemcH paeencmeo 

lim m = 1. 



r— >oo 



V(r) 
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,H,OKA3ATEJIbCTBO. To, hto (pyHKinia 



7V J t 2 + Z 2 


HBjiaeTca rojioMopcpHofi b nojiynjiocKocTH §lz > 0, jierxo ,n;oKa3aTb, Hcxo,n;a H3 HepaBeH- 
CTBa V(t) < M(t2+t~2) (cMOTpii HepaBeHCTBo (I2.5P ). TaKHM cnoco6oM o6ocHOBbiBaeTca 
yTBepjK,n;eHHe 1) jieMMbi. 

Pa36nBaa nojiyocb [0, oo) Ha nacra [0, er], [er, Nr], [Nr, oo), npe,n;cTaBHM V\{r) b BH,n;e 
cyMMbi Tpex HHTerpajroB 

V 1 {r) = I l (r) + I 2 {r)+h(r). 

HMeeM 

N 

h{r) 2 f V(ur) du 



V{r) Ti J V(r) u 2 + l 

e 

M.3 TeopeMbi 12. II cneayeT. hto 



N 

lim m ii^l. (2 , 6) 

r^oo V (r) IX J U A + 1 



^ajiee Haxo^HM, hto 



K J IT J U 2 + 1 ~ TV J U 2 + 1 



OTCK),n;a cjie,n;yeT HepaBeHCTBo 



e 



IE §M < I [ ^± du . (2.17) 
- V(r) ~ 7T J u 2 + 1 v ' 



r— >oo 







AHajiorHHHO nanynaeM, hto 



B5 «ll < I [ J^-iu. (2.18) 



H3 cooTHoineHiiii (12.16)) - (12.18)) cneayeT 



lim 



Vi(r) 
V(r) 



s N oo 

2 f 7 (u) , 2 f du 2 f 7 (u) , 



7r y it 2 + 1 7T > /w 2 + l n J u 2 + 1 

e AT 



Ife 3Toro HepaBeHCTBa npeflejibHbiM nepexo,n;oM npii e — > 0, iV — > oo nojiynaeM yTBepxc- 
fleHHe 3) jieMMbi. 
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Ecjih (pyHKinno pi(r) onpe^ejiHTb paBeHCTBOM V±(r) = r Pl ^ r \ to H3 yTBepjKfleHHa 3) 
cjie,n;yeT paBeHCTBO 

lim pi(r) = 0. (2.19) 



^ajiee HMeeM 



oo 

f2 Jl 



2r f t A — r l 
rV((r) = ~ J JfT^Vm- 



IloBTopHH paccyjKflemiH, o6ocHOBbiBaioiii;He yTBepsmeHHe 3), nojiyniiM , hto 



rV{(r) 2 f d t , 
lim J}' = / — -dt = 0, 



V(r) n J dtt 2 + l 

o 

lim = 0. (2.20) 

r^oo V\(r) 

H3 paBeHCTB ( I2.19p . (|2.20l) . cne,nyeT, hto cpyHKHiia pi(r) HBjiaeTca HyjieBbiM yTOHHeHHbiM 
nopa^KOM. 

^ajiee Haxo,n;HM 

oo oo oo 

1\ 2 f V(t) 2 f V(±) du _2r f V(u 



V i - = — / ^T^T dt = — / T-^l 9 = — / 9 \ du = V l(r)- 

\rj Trr J t 2 + ± irr J A + A u z tt J u z + r z 



H3 aToro cjie,n;yeT, hto Pi (-) = —pi( r )- yTBepjK^eHHe 2), a BMecTe c hhm h jieMMa, 
flOKa3aHbi. 

H3 jieMMbi [2T2| b nacTHocTH, cne,nyeT, hto npn peineHHH 3a,n;aHH A, ccpopMyjinpoBaH- 
Hoil b Hanajie pa3,nejia, b KanecTBe Kjiacca 21 mojkho B3HTb He MHOJKecTBo cpyHKinni BH^a 
V(r) = r p ( r \ vj\e p(r) - npoH3BOJibHbiH yTOHHeHHbift nopaflOK, a 3HaHHTejibHO 6ojiee 

y3KHH KJiaCC, COCTOaiUHH H3 TeX CpyHKHHH V(r), flfla KOTOpblX CpyHKHHH p(r) HBJIHeTCH 

aHajiHTHHecKofi cpyHKi^Hefi Ha nojiyocn (0, 00), h npeflCTaBjiaeTca b BH,ne p(r) = p + p(r), 
r^e p(r) - HyjieBofi yTOHHeHHbift nopaflOK, yflOBjieTBoparoiHHH ycnoBHio p (^) = —p(r). 

B TeopeMe 12.51 oTHocHTejibHo CpyHKHHH j(t) yTBepxcflaeTca, hto ^jih Hee cnpaBefljiHBbi 
paBeHCTBa ( 12 . 13D . f )2.14p . ^jih flOCTaTOHHO ninpoKoro Kjiacca (pyHKHHH BH^a V(r) = r p ^ 
cnpaBefljiHBbi 6anee TOHHbie ou,eHKH. B jieMMe I27T1 yTBepacnaeTca. hto ^(t) > V(t). B 
cjienyromeH TeopeMe npHBOHHTca npcTaTOHHo ninpoKHit Kjiacc yTOHHeHHbix nopanKOB 
TaKHX, hto ,h;jih CpyHKHHH ^(t) onpeflejieHHbix c noMoni,bio 3thx yTOHHeHHbix nopa^KOB 
npn t > 1 BbinojiHaeTca HepaBeHCTBo 7(t) < MV(t) c HeKOTopofi nocTOHHHoil M. 

Teopema 2.6. Ilycmt) p(r) - Hy/ieeou ymoHHeHHuu nopndoK, deacncdu ducfitfiepeH- 
VfUpyeMuu na Muootcecmee (0, 00) \ {1} u ydoejiemeopsiww^uu yc/ioeuw p (~J = —p(r). 
Ilycmb V(r) = r p ^ r \ V(r) — >• 00 (r — > 00), u d^yuKv^ufi h{x) = lnV(e x ) nejiaemcsi eosny- 
mou e Henomopou oKpecmHocmu 6ecKOHeHHOcmu. JJycm-b iiyHKv^uK ^(t) onpedejisiemcsi 
paeencmeoM 112. 8\) . Tosda cyvu^ecmeyem nocmosmnasi M manasi, umo nput > 1 eunojmsi- 
emcH Hepaeencmeo 7(£) < MV(t). Ecjiu cf>yHKn,usi h(x) eosnyma na nojiyocu (0, 00), mo 
7 (£) = v(t) nput>\. 
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^OKA3ATEJTbCTBO. PaccMOTpHM cpyHKinno a(x) — h(x) — xh'(x). HMeeM a'(x) = 
—xh"(x). B CHjiy ycjioBHH TeopeMBi cpyHKHiia a(x) aBjiaeTca B03pacTaiomeit b HeKOTopofi 

OKpeCTHOCTH 6eCKOHeHHOCTH. IIpH X > 1 BbinOJIHHeTCH paBeHCTBO 

h(x) = -x I / ^&dt + c\ , c = -h(l). (2.21) 



^OKaaceM, hto HHTerpaji 



^dt (2.22) 



l 



HBjiaeTca cxoflanniMca. B iipothbhom onyuae, ecjin b OKpeCTHOCTH GecKOHeuHocTH bbi- 
nojiHaeTca HepaBeHCTBo a(t) < 0, to nojryuHM npoTHBopeuHe c paBeHCTBOM ( 12 .9p . a 
b cjryuae, ecjin a(t) > b HeKOTopoit oKpecTHocra 6ecKOHeuHocTH, to nonyuHM npo- 
THBopeHHe c cooTHonieHiieM V(r) — > oo (r — > oo) H3 ycnoBHH TeopeMBi. TeM caMBiM 
cxoflHMocTb HHTerpajia ( I2.22j) ^;oKa3aHa. Tenepb paBeHCTBO (12.211) mojkho nepenncaTB b 
BH,n;e 

oo 

h(x) = x J ^-dt. (2.23) 

x 

B CHjiy paBeHCTBa ( \2.9h flonojiHHTejiBHoe cnaraeMoe c\x b npaBofi uacTH 3Toro paBeHCT- 
Ba, KOTopoe noaBjiaeTca npn nepexofle ot ( I2.2ip k ( I2.23P oTcyTCTByeT. 
rioKaaceM, uto 

lim ait) = +oo. (2.24) 

t— >oo 

B npoTHBHOM onyuae (pyHKinia h(x), a BMecTe c Heil h cpyHKHiia V(r), 6bijih 6bi 
orpaHH^eHBi b HeKOTopoft OKpeCTHOCTH +oo, a bto npoTHBopeuHT ycnoBHaM TeopeMbi. 
TeM caMBiM paBeHCTBO (|2.24p ,n;oKa3aHo. 

LlycTB hhcjio Xq > TaKOBO, hto cpyHKHHH h(x) aBjiaeTca BorHyToii npn x > Xq. 
YpaBHeHHe KacaTejibHofi k kphboh y = h{x) b TOHKe xq iiMeeT bh^ 

Y(x) — h(xo) — xoh'(xo) + h! (xq)x. 

Ecjih xq ,n;ocTaTOHHo BejiHKo, to Tor^a 6yn,eT BbinojiHaTbca HepaBeHCTBo Y(0) > 0. B 
3tom cnyuae cymecTByeT cpyHKHiia hi(x), o6jiaflaionj,aa cBOHCTBaMii: 

1) hi(x) - Heraaa cpyHKixiiH HenpepbiBHaa Ha och (—00,00) BorayTaa h flHcpcpepeHini- 
pyeMaa Ha nojiyocn (0, 00), 

2) h x (x) > npn x > 0, hi(0) = 0, 

3) hi(x) = h(x) npn x > Xq. 

H3 ccpopMyjiHpoBaHHbix cbohctb cpyHKHHH h\{x) cjie,zryioT em,e Taxne cBoitcTBa: 

4) cymecTByeT nocTOHHHaa M\ TaKaa, uto Ha Bceft BemecTBeHHoft och BBinojiHaeTca He- 
paBeHCTBo \h(x) — hi(x)\ < Mi, 

5) cpyHKH,HH hi(x) aBjiaeTca B03pacTaioHj,eH cpyHKUTiefi Ha nojiyocn [0, 00), 

6) npn x > 0, y > 0, BBinojiHaeTca HepaBeHCTBo h±(x + y) < hx(x) + hi(y). 
^ajiee Haxo^HM npn y > 

ln7(e y ) = sup (h(x + y) - h(x)) < 2M X + sup (h x (x + y) - h x (x)) 

x£( — 00,00) x£( — 00,00) 
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2Mi+ sup (htdx + yl) - fci(M)) < 2M 1 + sup + y) - /ii(|x|)) 

x£( — 00,00) x£(- 



-00,00 



< 2Mi + h t (y) < 3Mi + h(y) = 3Mi + ln^e*). 

H3 3Toro cjie,nyeT, hto npu t > 1 BbinojiHaeTca HepaBeHCTBO 7(t) < e 3Mi y(t). B cjiyuae, 
ecjiu cpyHKHHH BorayTa Ha nojiyocn [0, 00), to Tor,n;a h\(x) = h(x), Mi = 0, j(t) < 
V(t). BiviecTe c HepaBeHCTBOM 7(t) > V{t) sto naeT 7(t) = TeopeMa ,n;oKa3aHa. 

Bo MHorux Bonpocax ocHOBHyio pojib urpaeT He yTOHHeHHbift nopa^oK p(r), a cpyHK- 
HHH V(r) = r p ^ r \ HHorna BaatHbi CBoflcTBa cpyHKHHH V(r) He TOJibKO b OKpecraocTH 

6eCKOHeUHOCTH, HO H B OKpeCTHOCTH HyjIH, HanpHMep, npH HCCJieflOBaHHH CBOHCTB HH- 

00 

Terpajia J K(t, r) V(t)dt. IIosTOMy, KaK yxce 6bijio cKa3aHO, b ,nanbHeHiHeM mm npenno- 


jiaraeM, hto HyneBoii yTOHHeHHbiil nopa^oK ynpBjieTBopneT ycjioBHio p (-) = —p(r). 3to 
3KBHBajieHTHo cooTHOHieHHio V (-) = V(r). H3 TeopeMbi 12.41 cnenyeT. hto Tpe6oBamie 
nncpcpepeHHHpyeMocTH cpyHKHHH p(r) Ha MHoncecTBe (0, oo) \ {1} bo MHornx cjiyuaax He 
aBjiaeTca cymecTBeHHbiM orpaHHueHHeM. PaBeHCTBO 

lnV(r) 

P\ r ) = — j 

bar 

noKa3biBaeT, hto Tpe6oBaHne HHcpcpepeHUHpyeMocTH cpyHKHHH p(r) b Touxe 1 npcTaTOHHo 

A I 111 T I 01 

CTecHHTejibHo . 3to Tpe6oBaHHe HCKjnouaeT H3 paccMOTpeHHa cpyHKHHH p{r) ' " 



a G (0, 1), fljia KOTopbix cpyHKHHH V{r) HMeeT bha V(r) = exp(A| lnr| Q ). BBHny npoc- 

TOTbl 3THX CpyHKHHH HX HaCTO HCnOJIb3yK)T B KaueCTBe CpyHKHHH CpaBHeHHH. ^JIH TaKHX 

<pyHKu;HH Taxace cnpaBe,n;jiHBa cpopMyjia ^{t) = V{t) npn t > 1. 

KoHeuHo, H3 jieMMbi I2T21 cneayeT. hto Tpe6oBaHHe cymecTBOBaHHH npoH3Bo^,Hofi 
TaKJKe He HBjineTCH cymecTBeHHbiM. ^jih 3Toro HyntHo 3aMeHHTb cpyHKHino V(r) Ha 
cpyHKHHK) Vi(r). O^Haxo Hcnojib30BaHHe cpyHKHHH Vi(r) HecKOJibKo 3aTpynHHeTCfl np- 

CTaTOHHOH CJIOJKHOCTbK) 3TOH CpyHKHHH. 

B flajibHefinieM TeKCTe cTaTbH non, nyjieeuM ymoHHeHHUM nopsidnoM noHHMaeTca 
cpyHKHHH p(r), KOTopaa ynoBjieTBopneT ycjiOBHHM: 

1) lim p{r) = 0, 

r— >oo 

2) p {l) =~p(r), 

3) cpyHKUHH p{r) HBjiaeTca HenpepbiBHO flHcpcpepeHUHpyeMOH Ha MHoacecTBe (0, oo)\{l}, 

4) lim r In rp'(r) = 0, 

1 — >-oo 

5) cpyHKHHH V(r) = r p ^ HenpepbiBHO npoflOJiacaeTca b TouKy 1, npnueM V(l) = 1 (caivra 
cpyHKUHH p{r) b TouKe 1 MoaceT h He 6biTb onpeflejieHHoit) . 

,HpyrHe yTOHHeHHbie nopaflKH p(r) HMeioT bh,ii; p{r) = p+ p(r), r,n;e p(r) - HyjieBofi 
yTOHHeHHbiil nopaflOK, y,n;oBjieTBopHioHi,HH HanncaHHbiM Bbiuie ycjiOBHHM. 



3 Mepbi, npe^ejibHbie MHO^cecTBa Mep 

B stom pa3^ejie 6y^eT H3JiojKeHa Teopna npe,n;ejibHbix MHoacecTB pa^oHOBbix Mep 
KOHeuHoro nopa^Ka Ha nojiyocn (0, 00). ^jih yn,o6cTBa HHTaTejieit 6y^yT npHBe,n;eHbi 
onpe,n;ejieHHH Hcnojib3yeMbix TepMHHOB h cpopMyjinpoBKH Hcnojib3yeMbix pe3yjibTaTOB. 
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^OKaaaTejibCTBa npHBefleHHbix 6e3 ,n,oKa3aTejibCTBa yTBepjKfleHHH mojkho Hail™ b |10| . 

mm 

Mbi HaHHeM co cBefleHHii oTHocaiinixca k "a6cTpaKTHoit" Teopiiii Mepbi. 

H3MepuMoe npocmpaHcmeo c eevu^ecmeeHHou Mepoii \i - 3to TpoiiKa {X 1 A, /i), r,ne 
X - MHoacecTBo, A - cnrMa-ajire6pa noflMHOJKecTB MHoacecTBa X, \x - cpyHKinia, onpe- 
,n;ejieHHaa Ha MHoacecTBax E, Bxoflaiunx b cnrMa-ajireGpy A, npHHHMaromaa 3HaHemia H3 

pacniHpeHHofi hhcjioboh npaMofi [—00,00] 11 o6jiaflaioiii;aa cbohctbom cneTHOH a^HTHB- 

(00 \ 00 
(J Ek ) = ^2 n(Ek), rpp Ek G A h mho JKecTB a E^ o6pa3yioT flHstioHKTHyK) 
k=l J k=l 

nocjie,n;oBaTejibHocTb MHoxcecTB (Ek D Ej = 0, ecnn k 7^ j). 

Mepa n Ha3biBaeTca noAootcumejibHou, ecjin n(E) > fljra jno6oro E G A. 
IIojiojKHTejibHaH Mepa Ha3biBaeTca kohchhou, ecnn fJ,(X) < 00. 

IlycTb A e A. OzpaHuneHueM Mepu \x Ha MHOJKecTBo A (o6o3HaneHHe \xa) Ha3biBa- 
eTca Mepa, onpe^ejiaeMaa paBeHCTBOM ^a(E) = fji(A fl E). 

ToBopaT, hto Mepa |U cocpedomoHena na MHoencecmee A, ecjin \xa = A 4 - 

IlycTb /xi h /i2 flBe Mepbi, onpeflejieHHbie Ha o^hoh cnrMa-ajireGpe A. Taxne Mepbi 
Ha3biBaK)Tca 63auMHo cumyjuipHUMu, ecjin ohh cocpeflOTOHeHbi Ha HenepeceKaioiHHxcH 
MHo>KecTBax A\ h A2. TeopeMa XaHa yTBepjK,n;aeT, hto ecnn \i - BeinecTBeHHaa Mepa, to 
cyinecTByioT MHoxcecTBa A\ h A2 H3 ajire6pbi A Taxne, hto A\ fl A2 = 0, X = A\ U A2, 
orpaHHHeHHe \ia x - nojiojKHTejibHaa Mepa, a orpamiHeHHe ha 2 - OTpnu;aTejibHaH Mepa. 

CooTBeTCTByioH^aa napa MHOJKecTB Ai, A2 Ha3biBaeTca pa3AocnceHueM Xana fljia Me- 
pbi /i. Mepa = ha 1 Ha3biBaeTca nojiocncumejibHou cocmaeAHwmeu Mepbi /i, Mepa 
(j,- = —\xa-2 Ha3biBaeTca ompuv^amejvbHou cocmaejismu^eu Mepbi /i. TaKHM o6pa30M, jiio- 
6aa BemecTBeHHaa Mepa \x ecTb pa3HocTb /i = — /i_ flByx B3aHMHo CHHryjiapHbix 
nojiojKHTejibHbix Mep. 

IIpeflCTaBjieHHe Mepbi \x = /i + — /i_ b BH,ne pa3HocTH flByx B3aHMHo CHHryjiapHbix 
nojiojKHTejibHbix Mep Ha3biBaeTca pa3JiootcenueM JKopdana Mepbi \i. 

XoTa pa3JiojKeHHe XaHa X = A\ U A2 Heo,n,H03HaHHo, pa3JiojKeHHe JKop^aHa \i = 

— /i_ oflHosHaHHo. Mepbi /i + h /i_ o,n;H03HaHHo onpeflejiaeTca Mepoii /i. 

Ecjih /i = /i + — /i_ ecTb pa3JiojKeHHe >Kop,n;aHa Mepbi /i, to xoTa 6bi o^Ha H3 Mep // + , 
/i_ HBjiaeTca KOHeHHoii, HHane paBeHCTBo /x(X) = n+(X) —fi-(X) He HMejio 6bi cMbicjia. 

Mepa = n+ + /i_ Ha3biBaeTca Mody/ieM hjih uojihou eapuayueu Mepbi /i. 

BaacHbiM HBjiaeTca cjiynafl, Kor,n;a X - TonojiorHHecKoe npocTpaHCTBo, a cooTBeT- 
CTByioHi;aa cnrMa-ajire6pa HBjiaeTca cnrMa-ajire6poH 53 6opejieBCKnx MHoacecTB npocT- 
paHCTBa X. B 3tom cjiynae Mepa (jl Ha3biBaeTca 6opeJieecKou Mepoii. 

IlycTb X = K - KOMnaKT. Tor,n;a MHoxcecTBo KOHenHbix Beni,ecTBeHHbix GopejieBCKHx 
Mep Ha K o6pa3yioT 6aHaxoBo npocTpaHCTBo. 3to npocTpaHCTBo mojkho oTOJKflecTBHTb 
c npocTpaHCTBOM conpajKeHHbiM k 6aHaxoBOMy npocTpaHCTBy C(K) - npocTpaHCTBy He- 
npepbiBHbix Beni;ecTBeHHbix cpyHKHiiii / Ha K c HopMofi ||/|| = max|/(x)|. 3to cjie,zryeT 

xEK 

H3 TeopeMbi Pncca, KOTopaa yTBepjK,n;aeT, hto BcaKHil jiHHeilHbiH HenpepbiBHbiH cpyHK- 
u;HOHaji T b npocTpaHCTBe C(K) HMeeT bh^ 

(T,f) = J f{x)dfi{x), 

K 

r^e \i - HeKOTopaa KOHeHHaa 6opejieBCKaa Mepa Ha K. 
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flpjiee BMecTo (T, /) mm 6yneM nncaTb (/i, /). HMeeT Meero paBeHCTBo = \[i\(K) 
(ll/ujl - 3to HopMo, jiuneuHozo cfiyHKi^uoHCMia /x, H^ll = sup (/i, /)). 

II/II<1 

BaHaxoBo npocTpaHCTBo KOHeuHbix BemecTBeHHbix 6opejieBCKirx Mep Ha KOMnarcre 
K Mbi o6o3HaHHM M. r (K). B npocTpaHCTBe M. r (K) 6ojiee BajKHyio pojib, neM cxo,h,h- 
MocTb no HopMe, nrpaeT cna6aa cxo,n;HMocTb. CorjiacHo oGinenpHHaToii TepMHHOJiornn 
nocjie,n;oBaTejibHocTb \i n cjia6o cxodumcn k \i (o6o3HaueHne \i = W lim (i n ), eonn fljia 

n— >oo 

jho6oh cpyHKHiin / G C(K) uncjioBaa nocjieflOBaTejibHocTb (^t n , /) cxo^HTca k (/i, /). 

H3 TeopeMbi Ajiaoray cjie,nyeT, hto ecnn H C Ai r (-?0 h supd/uK-ftT) : /i G -ff} < 00, to 
y jiio6oh nocjie^oBaTejibHocTH fi n £ H ecTb cjia6o cxoflaiu,aaca noflnocjieflOBaTejibHocTb. 

Hapafly c BemecTBeHHbiMH 6aHaxoBbiM npocTpaHCTBOM M. r (K) paccMaTpnBaeTca 
KOMnjieKCHoe 6aHaxoBo npocTpaHCTBo Ai c (K), cocToamee H3 KOMnjieKCHbix 6opejieB- 
ckhx Mep fx = (ii + i/U2, r^e fi% h - KOHeuHbie BemecTBeHHbie GopejieBCKne Mepbi. 
ripocTpaHCTBoA^ C {K) mojkho oTOJKflecTBHTb c npocTpaHCTBOM conpHJKeHHbiM 6aHaxo- 
By npocTpaHCTBy C(K), cocToameMy H3 HenpepbiBHbix KOMiuieKCHbix cpyHKixHH / Ha 
K, npnneM 11/11 = max|/(x)|. B npocTpaHCTBe Ai c (K) TaiQKe BbinojiHaeTca paBeHCTBo 

xEK 

= sup \(fl, f)\ = \li\(K). 

II/II<1 

B KOMnjieKCHOM cjiyuae Mepa \fx\ onpeflejiaeTca cjiojKHee, ho cnpaBe,n;jiHBM cjie,zryio- 

inne npoerbie HepaBeHCTBa. Ecjih \i = \i\ + ifj,2, TO |^i| < |a*|, | A*2 1 — Ia*I) Ia*I — l/^i! + l/^l- 
Tenepb mm nepexo,n;HM k paccMOTpeHHio ocHOBHoro o6T>eKra Haniero HccneflOBaHna 

- npocTpaHCTBy pa,n;oHOBbix Mep Ha nonyocn (0, 00). 

BHauajie onpe,nejiHM npocmpaHcmeo mecmoeux cpyHKi^uu $ Ha nojiyocn (0, 00) (mm 

n03aHMCTBOBajIH TepMHH H3 TeOpHH o6o6in,eHHMX CpyHKHHH, a o6o3HaueHHe - H3 KHHrH 

JIaHflKocpa |12j). OyHKixna /' G <&, ecjin / - HenpepbiBHaa cpyHKHHH Ha nojiyocn (0, 00) 
h cymecTByeT TaKofi cerMeHT [a, b], uto BbinojiHaeTca cooTHomeHHe supp / G [a, b] G 
(0, 00). Mm 6yneM paccMaTpHBaTb kbk BemecTBeHHbie , Tax h KOMnjieKCHbie npocTpaHCT- 
Ba 

B npocTpaHCTBe $ H3BecTHMM cnoco6oM BBo,a,HTca noHHTne cxo,n;HMocTH. nocjieflo- 
BaTejibHocTb cpyHKnnn f n cxodumctt k cpyHKnnn / b npocTpaHCTBe $, ecnn cymecTByeT 
cerMeHT [a, b] C (0, 00) TaKoit, hto ,h;jih juo6oro n supp f n G [a, b] h nocjieflOBaTejibHocTb 
f n (x) paBHOMepHO cxoflHTca k f (x) Ha nonyocn (0, 00). 

^jih cpyHKnnn / G $ mm 6ya;eM Hcnojib30BaTb o6o3HaueHHe ||/|| = max|/(a;)|. 

BopejieBCKaa Mepa \i Ha nojiyocn (0, 00) Ha3MBaeTca AOKajvbHO KoneHHou, ecjni ^jih 
jno6oro cerMeHTa [a, b] C (0, 00) BbinojiHaeTca HepaBeHCTBo |/u|([a, b}) < 00. 

OyHKHiia MHOJKecTB fi Ha3MBaeTca eemecmeeHHOu padonoeou Mepoii Ha nojiyocn 
(0,oo), ecjin OHa npe,n;cTaBHMa b BH,n;e \x = Hi — (12, r,n;e Hi, ^2 - B3aHMHo cHHryjiap- 
Hbie jioKajibHo KOHeuHbie nojiojKHTejibHbie 6opejieBCKHe Mepbi Ha nojiyocn (0, 00). 

^jih jno6oro 6opejieBCKoro MHoacecTBa A G (0, 00) paBeHCTBOM fx a = (^i)a ~ (^2) A 
onpeflejiaeTca oepanuHenue \i na MHOotcecmeo A. XoTa BBe^eHHaa cpyHKu,HH MHoxcecTB 
\i He HBjiaeTca GopejieBCKofi Mepofi Ha nojiyocn (0, 00) (oHa He onpe,n;e,neHa Ha Tex 6ope- 
jieBCKHx MHOJKecTBax E, fljia KOTopbix BbinojiHaeTca o,ti;ho H3 cooTHonieHnii Hi(E) = 
H2{E) = +00, fjLi(E) = H2{E) = —00), TeM He MeHee, orpaHnueHne H[ a ,b] A^ 3 Jiio6oro 
cerMeHTa [a, b] G (0, 00) HBjiaeTca KOHenHofl 6opejieBCKofl Mepoii. 

00 

TeM caMMM jjjia jiio6oh cpyHKunn / G $ HMeeT cmmcji (//, f) = f f(x)dfi(x). OneBn,n;- 
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ho, hto Tax onpe,n;ejieHHaa (pyHKniia (fx, /) HBjiaeTca jinHeftHbiM cpyHKnnoHajioM Ha 
npocTpaHCTBe $. OneBn^Ho Tarcace, hto stot cpyHKHHOHaji HenpepbiBeH Ha $, to ecTb H3 
cxo^hmocth / n k / b npocTpaHCTBe $ cne^yeT, hto (//, / n ) — ► (//,/). 

H3BecTHo h o6paTHoe. Ecjih T - HenpepbiBHbiH jiHHenHbin cpyHKniioHaji Ha npocTpaH- 
CTBe $, to cymecTByeT pa,n;oHOBa Mepa fx Taxaa, hto (T, /) = (fx, f) #jih jho6oh cpyHKinin 
/ e H3BecTHo TaKJKe, hto cyni;ecTByeT e^HHCTBeHHaa pa,n;oHOBa Mepa fx, o6jia,n;aioiu;aH 

3THM CBOHCTBOM. 

Byp6aKH nepBOHanajibHo onpe^ejiaeT padonoeu Mepbi b npoH3BOJibHOM jioxajibHo 
KOMnaKTHOM TonojiorHHecKOM npocTpaHCTBe kbr HenpepbiBHbie jinHeimbie cpyHKnno- 
Hajibi Ha npocTpaHCTBe HenpepbiBHbix cpyHKniiii / c KOMnaKTHbiM ho cnTe jieM . <J>yHK- 
nnoHaji T Ha3biBaeTca nojiooKumeji'bHUM, ecjin (T, /) > npn / > 0. Oh ,n,oKa3biBaeT, 
hto bchkhh HenpepbiBHbin jiHHenHbin nojiojKHTejibHbiit cpyHKHHOHaji coBna,n;aeT c nojio- 
jKHTejibHoft jioxajibHo KOHeHHOH 6opejieBCKon Mepofl Ha TonojiornnecKOM npocTpaHCTBe. 
3aTeM oh flOKa3biBaeT, hto jik>6oh HenpepbiBHbiH jinHeHHbin cpyHKunoHaji npeflCTaBjia- 
eTca b BH^e pa3HocTH nojiojKHTejibHbix jiHHeiiHbix HenpepbiBHbix cpyHKniioHajioB. 

TaKHM o6pa30M, b cjiynae, Kor^a jioxajibHo KOMnaKTHoe TonojiornnecKoe npocTpaH- 
ctbo ecTb nojiyocb (0, oo), npe,ii;jio:>KeHHoe b CTaTbe onpe,nejieHHe paflOHOBon Mepbi 3kbh- 
BajieHTHo onpe,n;ejieHHio Byp6aKH. 

MHOJKecTBo BemecTBeHHbix pa,n,OHOBbix Mep Ha nojiyocn (0, oo) o6pa3yeT BemecTBeH- 
Hoe jiHHeftHoe npocTpaHCTBe Mm 6yneM o6o3HaHaTb ero nepe3 

Mm 6yn,eM TaiQKe paccMaTpnBaTb jinHeflHoe KOMnjieKCHoe npocTpaHCTBO *R C , cocToa- 
mee H3 KOMnjieKCHbix pa^oHOBbix Mep fx = fix + i\x<i, r^e fix h \xi — BeniecTBeHHbie pa^o- 
HOBbl Mepbi. 

B npocTpaHCTBax 9^, d\ c bboahtch noHaTHe ninpoKofl cxo^hmocth. 3tot TepMHH npn- 
Ha^jiejKHT Byp6aKH. riocjieflOBaTejibHocTb pa,n;oHOBbix Mep ix n mupoKo cxodumcn k pa- 
,ti,ohoboh Mepe fx (o6o3HaneHne fx = lim fi n hjih fx n — > fx), ecjin ,n,jia jno6ofl cpyHK- 

n— >oo 

ipn / e $ nncjioBaa nocjie,n;oBaTejibHocTb (fx n , f) cxo,n;HTca k (fx,f). TepMHH ninpoxaa 
cxoflHMocTb 3aHHMaeT b Harnett CTaTbe npnBejiHrnpoBaHHoe nojioxceHne. Ecjih nnnieTca 
fx n — y fx n He yTOHHaeTca, o KaxoM Bn^e cxo^hmocth n^eT penb, to HMeeTca b Bn^ry 
ninpoKaa cxo^HMocTb. B npeflCTaBjieHHofl CTaTbe paccMaTpnBaioTca pa3JinnHbie bh^m 
cxo,ii,hmocth nocjieflOBaTejibHocTeH Mep (x n . 

MHOJKecTBo E Ha3biBaeTca u3MepuMUM no JKopdany otho cnTe jibHo pa^oHOBofl Mepbi 
fx, ecjin \fx\(dE) = 0. 

Xoponio H3BecTHbi cjie/xyroinne yTBep JKfleHna . 

Teopema 3.1. nycmb fx n — > fx, \fx n \ — > fx. Ecjiu MHootcecmeo E u3MepuMo no 
JKopdany onmocumeAbHO uepu (x, mo (fx n )E — >■ He- 

TEOPEMA 3.2. IIycmt> fx n — > fx, \fi n \ —> fx. Ffycnib K C (0, oo) - KOMnanm U3- 
MepuMuu no JKopdany omnocumeJibHo Mepu fx. Toeda nocAedoeamejibHocm'b (fx^K cjia- 
6o cxodumcH k fix- 

^jia nocjieflOBaTejibHocTH nojiojKHTejibHbix Mep (x n ,n,oKa3aTejibCTBa ca^opMyjinpo- 
BaHHbix yTBepjKfleHHH mojkho HattTH b |12| . BBe^eHne, §1. B o6meM cjiynae HyjKHo npn- 
MeHHTb 3th yTBepjKfleHHH oT^ejibHo k MepaM (fi n )+ n (fx n )-. HaM 6yneT HyjKHa cjiefly- 
ioni;aH TeopeMa, KOTopyio mojkho nojiynnTb KaK cjieflCTBne TeopeMbi 13.11 
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Teopema 3.3. IJycmb nocAedoeameAbnocmb \i n padonoeux Mep na no/iyocu 
(0,oo) mupoKO cxodumcA k padonoeou Mepe v. IIycmt>, npoMe mozo, \\x n \ — > v u 
£({£}) = 0. Todda d/iH Atodou djynKu,uu (p G $ eunoAWiwmcfi paeencmea 



lim / <p(t)x(o,Q(t)d(in(t) = / ip(t)x(o,$(t)dv(t) 



n— >oo 



J y(*)X(€,oo)(*)d/in(*) = / ¥>(*)X(€,oo)(*)<M*)- 




,ZIpKA3 ate JlbCTBO . Ecjih b TeopeMe l3.1l B KanecTBe mhokbctbs i? Bbi6iipaTb mho- 
jKecTBa (0, £], (£, 00), to nojiyHHM yTBepjK^neiiiia TeopeMbi. TeopeMa ,n,oKa3aHa. 

MHOJKecTBo if C £H c (!tH) Ha3biBaeTca mupoKO ogpanuueHHUM, ecjin ,n;jia jiio6oh cpyHK- 
11,1111 G $ MHOJKecTBO {(//,/): G if} aBjiaeTca orpamiHeHHbiM. 

MHOJKecTBo if Ha3biBaeTca cuAt>no ozpaHunewHUM, ecnii fljra jiio6oro cerMeHTa [a, 6] 
C (0, 00) MHOJKecTBO {|/i|([a, b}) : \i G if} aBjiaeTca orpaHHHeHHbiM. 

MHOJKecTBo if Ha3biBaeTca KOMnanmHUM, ecjm H3 jik>6oh nocjie,n;oBaTejibHocTii /Lt n G 
if mojkho Bbi^ejiHTb niHpoKo cxoflaiiryioca noflnocjieflOBaTejibHocTb. 

Cjie,nyioiiiee yTBepjKfleHiie - sto rjiaBHbift pe3yjibTaT 113 Teopiiii Mepbi, KOTopbiil mm 
npHMeHaeM b Hainefl pa6oTe. 

Teopema 3.4. Kauccu mupoKO ozpanuuewHux, cuawo ospanunennux u kom- 
nanmnux MHOCHcecme e npocmpancmee £R (9t c ) coenadawm. 

^OKasaTejibCTBo mojkho HaftTii b [10J, raaBa 3, §1, npefljiojKeHne 15 11 npiiMenaHiie k 
HeMy. 

3aMeTHM, hto jiotkhm cjie,n;cTBiieM ccpopMyjiiipoBamioH TeopeMbi aBjiaeTca cjie,nyio- 
iu;ee yTBepjK,n;eHHe. 

Teopema 3.5. Omo6pac>tceHue (n,<p) : 9^ c x $ — ^ C AeAAemcA nenpepuenuM no 
coeonynnocmu nepeMennux. 

,IIpKA3 ATEJlbCTBO . IlycTb (j, n —^fj,,(p n —> (p. IIocKOJibKy (p n — > f, to cymecTByeT 
cerMeHT [a, b] C (0, 00) TaKoit, hto supp (p n C [a, b], supp <p C [a, b}. IIocKOJibKy \x n — > /i, to 
nocjie,n;oBaTejibHocTb (j, n aBjiaeTca innpoKo orpaHiineiiHOH, a 3HaHHT h ciuibHo orpaHii- 
HeHHofi. rioaTOMy cymecTByeT nocToaHHaa M Taxaa, hto BbinojiHaioTca HepaBeHCTBa 
|/i n |([a, b]) < M. ^ajiee HMeeM 

\(.(JLn,(p n ) - (fJL,(p)\ < \Hn | ([tt, b]) \\(p n - (f\\ + - fJ, n ),<p)\ < M\\(f n - (p\\ + \ (jl n - n),(p\. 

H3 3Toro cjie,n;yeT yTBep^meiiiie TeopeMbi. TeopeMa ,n,oKa3aHa. 

Teopema 3.6. JJaa mozo, umodu nocjiedoeameAbHocrm> noAocHcume/it>Hux pado- 
noeux Mep \i n uiupoKO cxodujiacb k padonoeou Mepe fx, docmamonno, umodu coomnouie- 
nue (fj, n , f) — > (/x, /) eunoAHHAOCb na ecwdy njiomnoM Mnocncecmee e npocmpancmee $. 

Teopema 3.7. Ilycmb padonoeu Mepu \i u v manoeu, nmo paeencmeo (//, /) = 
(u, f) eunoAHsiemcs na ecwdy nAomnoM Mnocncecmee e npocmpancmee $. Tosda = v. 
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^OKaaaTejibCTBa TeopeM T3.6I h 13771 MoacHo Hairm b |12| . BBe,neHHe, §1. 

06biHHO Mbi 6yn;eM Hcnojib30BaTb mnpoKyio cxo,n;HMOCTb pa,a,OHOBbix Mep. Meayry 
TeM, nacTO paccyjKfleHHa yn;o6Hee npoBOflHTb b MeTpunecKiix npocTpaHCTBax. IIosTOMy 
mm 6y^eM Hcnojib30BaTb b npocTpaHCTBe d\ c cne^romne H3BecTHbie MeTpiiKH . IlycTb 
{(p n : n = 1,2, ...} - cneTHoe Baopy njioTHoe MHoacecTBo b npocTpaHCTBe $. 3to o3Hana- 
eT, hto fljia jho6oh cpyHKHHH f G $ cymecTByeT noflnocneflOBaTejibHocTb f nk nocjieflo- 
BaTejibHocTH f n Taxaa, hto <p nh — > (p b npocTpaHCTBe ^ajiee no nocjie^oBaTejibHocTH 
cp n onpe,n;ejiaeM cpyHKinno 

2 n (l+ -/J2)(Vn)|) 

G 9^ c . Jlerxo npoBepaeTca hto <i - MeTpnxa b npocTpaHCTBe 9t c . 
Bojiee Toro, jierxo BH,n;eTb, hto H3 cooTHonieHHH /i^ — > \x cne,nyeT, hto d — > 0. 
OflHaKo, o6paTHoe yTBepjKflemie HeBepHo. IlycTb, HanpHMep, Bee cpyHKHHH (p n Henpe- 
Pmbho ^HcpcpepeHinipyeMbi, a 

w = *(f( x _i_^)_,( a ,_i + ^)) 

r,n;e — a) - Mepa ^npaxa, cocpeflOToneHHaa b tohkc a. Tor,n;a d(nk, 0) — > 0, b to BpeMH 
KaK cooTHonieHHe ^/fc — )■ He BbinojiHaeTca. OflHaxo, cnpaBefljiHBa cjie,nyioiii;aa TeopeMa. 



Teopema 3.8. Ecjiu \ik - KOMnaKmnafi nocjiedoeamejihHocm'b e Dl c u — > 
0, mo (j,}. uiupoKO cxodumcn, k (jl. 

,II,OKA3ATEJlbCTBO. Ecjih yTBepjK,n;eHHe TeopeMbi HeBepHo, to cymecTByeT cpyHKHHH 
f G $ ii flBe noflnocjieflOBaTejibHocTH /i^i , Hk 2 nocne,n,OBaTejibHocTH Taxne, hto 

lim (fikl,<p) ^ lim (pn*,?)- 

IlycTb u p = Hfci —^k 2 -, a y? n - Ta nocjieflOBaTejibHocTb cpyHKHHH H3 $, KOTopaa onpeflejiH- 
eT MeTpHKy d. IIocKOJibKy ip n Bcro,n;y njioTHaa nocjieflOBaTejibHocTb b $, to cymecTByeT 
noflnocjie,n;oBaTejibHocTb nocneflOBaTejibHocTH f n , KOTopaa cxoahtch k f b npocT- 
paHCTBe $. CymecTByeT cerMenr [a, b] Ha nojiyocn (0, oo), Taxon hto supp^ n C [a, b] 
fljia jno6oro n. IIoaTOMy c HeKOTopofi KOHCTaHroft M, He 3aBncanj,en ot n, Bbinojma- 
eTca HepaBeHCTBo lim |i/ p (^)| < M\\ip — i/jn\\- H3 3Toro cjie,n;yeT, hto u p {f) — > 0. 3to 

npoTHBopennT Bbi6opy (p. TeopeMa ,n;oKa3aHa. 

TaKHM o6pa30M, b o6m;eM cjiynae cxo^HMocTb b MeTpnxe d cjia6ee ninpoKon cxo^n- 

MOCTH B D\ c , B TO BpeMH KaK Ha KOMnaKTHblX MHOJKeCTBaX 06a BHfla CXOflHMOCTH SKBHBa- 

jieHTHbi. MeTpHKa d onpeflejiaeTca cneTHoit Bciofly njioTHoit nocjieflOBaTejibHocTbio (p n . 
Cjie,n;oBaTejibHo cym;ecTByeT GecKOHenHoe hhcjio MeTpnK TaKoro Tnna. B o6meM cjiynae 
H3 cxoflHMOCTH nocjieflOBaTejibHocTH \i n b oflHoit MeTpnKe He cjie,nyeT cxo,n;HMocTb b flpy- 
ron MeTpnKe. O^HaKo Ha KOMnaKTHbix MHOJKecTBax cxo,n;HMocTb nocjie,n;oBaTejibHocTH \x n 
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B OflHOH H3 MeTpHK BJieHeT HIHpOKyK) CXOflHMOCTb 3TOH nOCJieflOBaTejIbHOCTH H, 3H&HHT, 

cxoflHMocTB n n b jik)6oh MeTpHKe paccMaTpHBaeMoro THna. 

00 

^ajiee fljia Mep \i G Mbi 6yneM paccMaTpiiBaTb HHTerpajibi J f{x)d\i[x) He TOJibKo 



fljia (pyHKUHH / G $. B cbh3h c 3thm oTMeTHM cjie,zryioiii;ee. Ecjih / G $, to HanHcaHHbifi 

HHTerpaji mojkho paccMaTpiiBaTb KaK HHTerpaji PnMaHa-CTHjiTbeca cpyHKiniH f(x) no 

(pyHKUHH fji(x), rp<s //(x) - cpyHKinia pacnpeflejieHHH Mepbi \i. OnHaKo, HaM npnfleTca 

HMeTb flejio co cjrynaeM, Korna / - npon3BOJibHaa 6opejieBCKaa cpyHKinia Ha nojiyocn 

(0,oo). BHanajie npeflnojiojKHM, hto supp/ C [a, b] C (0, oo). OrpamraeHHe \i Ha cer- 

b 

MeHT [a,b] ecTb KOHenHaa 6opejieBCKaa Mepa. B 3tom cjiynae J f(x)dfj,(x) paccMaTpHBa- 

a 

eTca KaK HHTerpaji Jle6era cpyHKiniH / no Mepe \x. KoHenHo, He Bcaxaa Taxaa cpyHKHHH 
aBjiaeTca HHTerpHpyeMoil no Mepe \x. 

npeflnojiojKHM Tenepb, hto fix) - npoH3BOJibHaa 6opejieBCKaa cpyHKiniH Ha nojiyocn 
(0, oo), KOTopaa aBjiaeTca jioKajibHo HHTerpHpyeMoil no Mepe [i. B stom cjiynae nojiaraeM 

oo b 



/f(x)du,(x) = lim / f(x)du,(x 

a 



3to 03HanaeT, hto mm paccMaTpHBaeM HHTerpaji J f(x)dfj,(x) KaK Heco6cTBeHHbin hh- 

o 

Terpaji c oco6mmh TOHKaMH HOJib h GecKOHenHOCTb. ^jih HeKOTopbix cpyHKiniil / TaKoii 
HHTerpaji cxo^HTca. 

LlycTb p{t) - npoH3BOJibHbiii yTOHHeHHbiii nopaflOK. Ha npocTpaHCTBe £H C onpe,n;ejiHM 
odnonapaMempuHecKoe ceMeucmeo npeo6pa3oeaHuu Asapuna A t : fR c 9^ c , t G (0, oo), 
corjiacHO (popMyjiaM 

p t = A t p, Ht\E) = ~y^~- 

Ecjih Mepa \i HMeeT cBoeii cpyHKinieft pacnpeflejiemia //(#), to cpyHKinia pacnpeflejie- 
hhh Mepbi \i t 6yn,eT y^(i(tx). 

LlycTb / G $. OopMyjia 3aMeHbi nepeMeHHbix ,n;aeT 



f{x)dp t {x) = r^-y j f (~) dfl(y), 



E tE 

oo oo 

I f(x)dfH(x) = J f (|) dfi{y). (3.2) 



H3 cpopMyjibi (13.21) n TeopeMbi 13.51 jierKo cjie^ryeT, hto cpyHKinia \i t : *R C x (0, oo) — 5- £R: C He- 
npepbiBHa no coBOKynHocTH nepeMeHHbix, to ecTb, ecjin t n — > r, /i n — >■ to (p n )t n —> A*r- 
KjiaccnnecKHe dunaMunecKue cucmeMu b MeTpnnecKOM npocTpaHCTBe X onpe- 
flejiaioTCH |13| KaK oflHonapaMeTpnnecKHe ceMeiicTBa oTo6pa:a<eHHH Bt : X X, 
t G (—00,00), yaoBjieTBoparoiinie ycjiOBHHM: 
1) = ^ (HanajibHoe ycjioBHe); 
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2) oTo6p&5KeHiie Bt : X x (—00, 00) — y X HenpepuBHo no coBOKynHocTH nepeMeHHbix 
(ycjiOBue HenpepbiBHocTn) ; 

3) B tl B t2 = B tl +t 2 (ycjiOBiie rpynnbi). 

B cjiynae p(r) = p cncTeMa A3apHHa A t HBjiaeTca flHHaMHHecKoft cncTeMoft b npocT- 
paHCTBe 9^ c , r,n;e cxo,n;HMOCTb noHHMaeTca KaK nmpoKaa cxo,n;HMOCTb, aflUHTHBHaa rpynna 
BemecTBeHHbix HHceji 3aMeHaeTca Ha MynbTHnjiHKaTHBHyio rpynny CTporo nojioJKHTejib- 
hmx HHceji, npiineM HanajibHoe yanoBHe Bbirjia^HT Tax: A\p = p, a ycjiOBiie rpynnbi 
npnHHMaeT bh^ A tl A t2 p = A tl t 2 p. 

CncTeMy At\x fljia nojiojKHTejibHbix 6opejieBCKnx Mep p b npocTpaHCTBe IR m BBeji n 
c ycnexoM npnMeHaji b Teopnn cy6rapMOHnnecKnx cpyHKixHH A3apnH ([4]], [14J). 

B KjiaccnnecKoil Teopnn ^HHaMnnecKHx cncTeM MHoxcecTBO 

{y G X : y = lim B tn x, lim t n = +00} 

n— >oo n— >oo 

Ha3biBaeTca uj-npedejibHUM MHoencecmeoM mpaenmopuu Btx. 

CncTeMy Atp mm, H36eraa ycjioacHeHna b TepMnHOJiornn, TaK»ce 6yn;eM Ha3biBaTb 
dimaMuuecKou cucmeMou A3apuna fla>Ke b cjiynae npoH3BOJibHoro yTOHHeHHoro nopafl- 
Ka. MHoacecTBO 

{u G 9l c : v = lim A tn p, lim t n = +00} 

mm 6yn;eM Ha3biBaTb npedejit>HUM MHOotcecmeoM Asapuna djin Mepu p h o6o3HanaTb, 
cjie,n;ya A3apHHy, Fr\p\. IIpH OTcyTCTBHii CB33H Mejfyry Mepoii p h yTOHHeHHMM nopa^- 
kom p(r) Hejib3a hto-jih6o cxasaTb o cBoflcTBax MHoacecTBa Fr[p\. Ilo3TOMy mm 6yn,eM 
npe^nojiaraTb, hto BbinojiHaeTca cooTHoineHHe p G SOTqo (p(r)). Onpeflejiemie MHoxcecT- 
Ba Wloo (p(r)) ,n;aHo bo BBefleHiiii. H3 jioKajibHofi kohchhocth paflOHOBofl Mepbi cne,zryeT, 

HTO COOTHOIIi;eHHe p G SOTqo (p(r)) SKBHBajieHTHO COOTHOineHHK) 

- — \p\([r, er]) 

hm < 00. 

Ecjih p G DJloo(p(r)), to kbk mm yBHflHM flajibine, MHoxcecTBo Fr[p] o6jra,ii,aeT cbohct- 
BaMii, aHajioriiHHMMii cBoitcTBaM npe,n;ejibHMx mho^kbctb b Teopiiii flHHaMHnecKHx ch- 

CTeM. 

H3 cooTHonieHiia p G 97too (p( r )) Jierxo cjie,zryeT, hto nojiojKHTejibHaa nojiyTpaeK- 
Topna p t ( mho JKecTBO : t G [1, 00)}) aBjiaeTca KOMnaKTHMM mho JKecTBOM . Ccpop- 
MyjinpyeM 3to yTBepjKflemie b BH,n;e oT^ejibHoii jieMMM. 

JlEMMA 3.1. nycmt) p{r) - npou3eoJibHuu ymoHHeHHUU nopndoK, p G DJloo 
(p(r)). Tosda nojiympaenmopuR pt, t > 1, ecmb KOMnanniHoe MHocncecmeo padonoeux 
Mep. 

^OKA3ATEJlbCTBO. ITycTb < a < b < 00. Hcnojib3ya cpopMyjibi (12T8I) h (12. 15|) . 
nojiynaeM on;eHKy 

nocjie,n,Hee HepaBeHCTBo cjie,n;yeT H3 jioKajibHoit koh6hhocth p h onpe^ejieHHa MHoxcecT- 
Ba QJtoo (p(r)). Tenepb yTBepacfleHHe jieMMM cjie^yeT H3 TeopeMM 13.41 JleMMa ,n;oKa3aHa. 
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^ajiee Hania 3aflaia coctoht b onncaHHii cbohctb npeflejibHbix MHoxcecTB Mep H3 
Kjiacca OJIqo (p(r)). BHanajie Mbi ccpopMyjmpyeM TeopeMy, KOTopaa no3BOJiaeT cBecTii 
3Ty 3aflaHy k 6ojiee npoeroMy cnynaio, Kor^a p(r) = p. 

Teopema 3.9. Ilycmt) pi(r) u p 2 (r) - ymoHHeHHue nopndKu manue, nmo 
limpi(r) = pi, limp 2 ( r ) = P2 ( r — > 00). IJycm'b p G %Jloo(Pl( r )) > a Mepa X onpede/isiemcH 
paeencmeoM 

dm = 

Tosda A G 9^oo (P2( r )) u coomHomeHue pt n — > v aKeueaJienmHo coomHomeHuto Xt n — > v\, 
zde dv 1 {t) = t p2 - pl du(t). 3decb 



,Z],OKA3 ATEJIbCTBO . HMeeM 

er 

r. p.r]) = I 

Vi(t) 



|A|( [/-,(-/■])= / WrAriV)- 



H3 TeopeMbi 12.11 cjiejyeT. hto 

EE Wfl^L < f e (-"-) + ) Em (a + = max{a, 0}). 



nosTOMy A G 9Jtoo(p2 (?"))■ IlycTb — )■ ^, 93 G $. HMeeM 



00 



lim / <p(t)dX tn (t) = lim 1 / <p ( 



d\(u) 



oo 



y 1 f fu \ V 2 (u) f , V 2 (rt n )V 1 (t n ) ^ 

lim T777T ^\T) TFT^ d ^ u > = lim / Vv \r ( + wru \ d ^S T )- 

»-K» V 2 (t n ) J \t n J Vl(u) n^ooj Vi(rt n ) V 2 {t n ) 







Tax KaK nocne,n;oBaTejibHocTb 

V 2 (Tt n )V 1 (t T 



T 



cxoflHTca b npocTpaHCTBe $ k (pyHKuriii t P2 Pl ip{r) 11 p tk — > u, to 113 TeopeMbi 13.51 
cjie^yeT, hto 

lim f <p(t)d\ tn {t) = [ r P2 - p ^(r)du(r). 

n->oo J J 


TeM caMbiM mm flOKa3ajiH, hto Xt n — > v\ . B flOKa3aHHOM yTBepsyieHHH mojkho noMeHHTb 
MecTaMii p h v. TeopeMa ,n;oKa3aHa. 

rioxoacaa TeopeMa fljia Mep b iuiockocth ecTb b [15j, TeopeMa 4. 
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3AMEHAHHE 3.1. Ecjiu p\ = p2, mo Mepu v u v\ coenadawm. 

OTo6paa<;eHHe A t , A t p = p t , b cjiynae, Kor^a p(r) = p mm 6yn,eM o6o3HanaTb F t hjih 
Ft( P ). 

B cjie,nyiomeH TeopeMe npHBOflHTca pa,n, cbohctb npe^ejibHoro MHoxcecTBa Fr[p\. 

TEOPEMA 3.10. nycmt> p(r) - npou3eoAt>HUU ymonneHHUU nopndoK, p G QJtoo 
(p(r)). Todda cnpaeedjiueu cjiedyyov^ue ymeepmcdeHUfi: 

1) Fr[p] ecmt) nenycmou KOMnanm, 

2) Fr[p] ecmt> cesi3Hoe MHocncecmeo e MempuuecKOM npocmpaHcmee (Di c ,d), 

3) MHOCHcecmeo Fr[p] uHeapuanmHo orrmocumejibHo npeo6pa3oeanuR F t , 6oA.ee moso F t 
ecmb 63clumho odno3HaHHoe omo6pacHceHue MHOMcecmea Fr[p] na ce6n. 



^OKASATEJlbCTBO. KaK cjie^yeT H3 3aMenaHHa k TeopeMe 13.91 He orpaHHHHBaa 
o6ihhocth, mojkho cHHTaTb, hto p{r) = p. IIo jieMMe [3711 nojiy TpaeKTopiia pt, t > 1, aBjia- 
eTca KOMnaKTHbiM mho>k£ctbom . Ha H3biKe TeopHH flHHaMHHecKHx cHCTeM |13j 3to yTBep- 
jK,n;eHHe nepecpopMyjinpyeTca Tax. ^BHaceHHe pt nojiojKHTejibHo ycToflHHBo no JlarpaH- 
jKy. Ha KOMnaKTHbix MHoacecTBax b %\ c nmpoKaa cxo,n;HMocTb nocjieflOBaTejibHocTH p, n 
3KBHBajieHTHa cxoflHMocTH b MeTpHHecKOM npocTpaHCTBe (D\ c ,d). no3TOMy npe,n;ejibHoe 
MHOJKecTBo A3apHHa Fr[p] coBna^aeT c a;-npe,n;ejibHbiM mhojk6ctbom TpaeKTopHH p t b 
MeTpHHecKOM npocTpaHCTBe (9\ c ,d). Tenepb mm MoxceM Hcnojib30BaTb ,n;ocTaTOHHo pa3- 
BHTyio TeopHio flHHaMHHecKHx CHCTeM b MeTpHHecKHx npocTpaHCTBax. TeopeMa 10, raaBa 
5, §3 H3 khhth |13| yTBepjK^aeT, hto Fr[p] ecTb HenycTofi KOMnaKT, KOTopbifl oTo6pa»ce- 
HHe Ft B3aHMHo oflH03HaHHo oTo6pajKaeT Ha ce6a, a TeopeMa 14 H3 stoh khhth yTBep- 
jKflaeT, hto Fr[p] ecTb CB33Hoe mhojkbctbo. TeopeMa ,n;oKa3aHa. 

CjieflyioHj,He TeopeMM hbjihiotch nojie3HMM flonojmeHHeM k npeflbiflyHj.eH. 

Teopema 3.11. nycrrib p G OJtoo (p(r)), nocAedoeamejit>Hocmt> t n — > oo manoea, 
umo pt n — > v, a nocAedoeameJibHocmt) r n cxodumcn k t > 0. Tosda nocAedoeamejib- 
Hocmt> p Tn t n cxodumctt k v t . 

^OKASATEJlbCTBO. nycTb (f - npoH3BOJibHaa (pyHKuiia H3 npocTpaHCTBa $. HMeeM 

oo oo 


Tax KaK pt n — > z/, a nocneflOBaTejibHocTb yj^y-^^P cxoflHTca b npocTpaHCTBe $ k 

cpyHKii;HH -^(p TO 113 TeopeMM 13.51 cnenyeT. hto 

oo 

lim ((p,p tnT J = — D [ <p(-) MO = (<P,Vt)' 

n— >oo 7"H J \T J 



TaKHM o6pa30M pt nTn — > v T1 h TeopeMa ,n,oKa3aHa. 

Teopema 3.12. TIycrm> p G DJloo (p(r)) u nycmt> t n — > oo manasi nocjiedoeameAb- 
Hocmt>, nmo pt n — > v, \p\t n — > v. Tosda \ v\ <v. 
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,ZI,OKA3 ATE JIbCTBO . IlycTb (p - npoii3BOJit>Haa cbyHKHiia H3 npo CTp shctb a $. To- 
\(u,(p)\= lim \(jit ni <p)\< hm (\n\ tn ,\<p\) = (i>,\(p\). 

n— >oo n— >oc 

H3 3Toro jierxo cjie^yeT HepaBeHCTBo I^K-E 1 ) < v(E). TeopeMa ,n,oKa3aHa. 

B cjieflyiomefl TeopeMe mm noKa3biBaeM, hto HeKOTopbie aciiMnTOTHHecKiie oi^eHKii 
fljis Mepbi (j, nopojK,n;aioT rjio6ajibHbie oueHKH pjisi Mep v H3 npe,n;ejibHoro MHOJKecTBa 
Fr[p]. IIpeflBapHTejibHo BBe,n;eM HeKOTopbie HOBbie iiohhthh. 

B cjiynae BemecTBeHHbix pa^oHOBbix Mep Hapa,n;y c npe,n;ejibHMM mhojkgctbom A3apn- 
Ha Fr[p] BajKHMMii acHMnTOTHHecKHMH xapaKTepncTHKaMH Mepbi p aBjiaioTca ee Bepx- 

H32 H HHJKHHa njIOTHOCTII N(a) II N(a). OyHKHHH njIOTHOCTII N(a), N(ct) - 3TO cpyHK- 

hhh Ha nojiyocH [0, 00) 11 noaTOMy aBjiaioTca 6ojiee npocTMMii MaTeMaTHHecKHMH oG^eR- 
TaMii, neM MHOJKecTBO Mep Fr\jj]. B stom npeiiMymecTBo cpyHKHHii njioTHocTii. C flpyroii 
cTopoHM, KaK mm yBiiflHM b flajibHeftiiieM, MHoacecTBo Fr[p] flaeT, BooGme roBopa, 3HaHii- 
TejibHo Gojibine HHcpopMauiiH o Mepe p, neM cbyHKiniH N(a) h N(a). 

LlycTb p - BemecTBeHHaa Mepa Pa,n;oHa Ha nojiyocn (0, 00) c cpyHKinieH pacnpe,n;ejie- 
HHa /x(r), p(r) - yTOHHeHHbiii nopa,n,oK. Bepxneu njiomHocmtyto Mepbi p oTHocHTejibHo 
yTOHHeHHoro nopa,n,Ka p{r) Ha3MBaeTca BejiHHHHa 

N(a) = lim — . (3.3) 

r— >-oo V (r) 

B cjiynae a > mojkho Taxace nncaTb 

N(a) = lim ^ J . 3.4 

r— »oo V If) 

Otmcthm, hto cpopMyjiofi: (13.31) BejiHHHHa N(a) onpe,n;ejiaeTca npn a > — 1, a cpopMyjioii 
( 13.4ft npn a > 0. B flajibHeitnieM 6yn;eM cHHTaTb, hto N(0) = 0. 

AHajiorHHHo onpe^ejiaeTca huokhkk nAomHocmb Mepbi p OTHocHTejibHo yTOHHeHHo- 
ro nopaflxa p(r): 

AT , v .. p(r + ar) - p(r) 

^ (a) = M W) — ' 

M.3 cbohctb npe,n;ejioB h yTOHHeHHoro nopa^Ka p(r) jierxo nojiynaeTca, hto cbyHKiniH 
N(a) h N(a) ynpBjieTBopaioT HepaBeHCTBaM 

N(a + p) < N(a) + (l + a) p N ( ] , (3.5) 

\1 + ay 

N(a + P)>N(a) + (l + a) p N(-^—Y (3.6) 

V 1 + a ) 

g 

1 + a 

g 

1 + a 



JV(a + /3) > AKa) + (l + a) p iV( ) , (3.7) 



N(a + /3) < N(a) + (1 + a) p N ( — ^— ) , (3.8) 
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r^e p = p(oo) = lim p(r). 3aMeTHM, hto ecjin npaBaa nacTb b KaKOM-TO H3 HanncaHHbix 
HepaBeHCTB HMeeT bur oo — oo, to 3to HepaBeHCTBo HyjKHo cHHTaTb nycTbiM yTBepxc- 
fleHHeM. B cjiynae, ecriH p G 9Jloo(p(r)), to BbinojiHaioTca HepaBeHCTBa — oo < N(a) < 
N(a) < oo. TaioKe 3aMeraM, hto BejiHHHHbi N(a) h N(a) MoryT GbiTb KOHenHbiMH flaace 
fljia Mep He Bxoflaiunx b mhojkgctbo ^^(^(r)). 3to yKa3biBaeT Ha BaacHOCTb cpyHKHHH 
N(a) h N_(a) npn HccneflOBaHHH cbohctb Mepbi p. HanoMHHM, hto TeopeMa o cBoflcTBax 
MHOJKecTBa Fr[p] flOKa3aHa b npe,n;nojiojKeHHH, hto p G 9Jtoo (p( r ))- 

TEOPEMA 3.13. Ilycmt) eeu^ecmeeHHasi Mepa p G 9Jloo (p( r )), Fr[p] - ee npe- 
dejibHoe MHOMcecmeo, N(a) u A(a) - ee eepxnsisi u uumchsisi n/iomHocmu. Tosda djisi 
jik>6ou Mepu v G Fr[p] cyiu,ecmeyem ne 6ojiee ueM cuemnoe MHoo+cecmeo E{y) manoe, 
umo npu a, b E{y), < a < b < oo eunojinsimmcn Hepaeencmea 

v{[a, b]) < a p N (- - l) , v([a, b}) > a p N (- - 1 

JJasi jik>6ux aub,0<a<b<oo, euno/mnfomcn Hepaeencmea 

v([a, b])<a p lim N ( - - 1 + e 

e->+0 \ a 

u([a, b})> a p lim" N ( - - 1 + e J . 

,HpKA3 ATE JlbCTBO . IlycTb v = lim p tn . ^onojiHHTejibHo 6yn;eM cHHTaTb, hto 
cymecTByeT npefleji v = lim \p\t n - 06o3HaHHM E(v) = {x G (0, oo) : v({x}) > 0}. 

n— >oo 

MHOJKecTBo E{y) He 6onee neM cneTHo. IlycTb Tenepb [a, b] C (0,oo), a, 6 ^ E{y). H3 
TeopeMbi 13.21 cjie^ryeT, hto 

z/([a, 6]) = lim p tn ([a,b]). 

n— >oo 

H3 paBeHCTBa z/({a}) = h toh xce TeopeMbi cne,zryeT, hto lim Pt n {{a}) = 0. IIosTOMy 

KM])= lim A*tn((o,&])< liS// r ((a,6]) = a"iv(--l]. 

AHajiorHHHo ,n;oKa3biBaeTca HepaBeHCTBo ^([a, b]) > a p A^ f- — l) npn a, 6 ^ E(u). Pac- 
cmotphm o6hi;hh cjiynait. IlycTb a/c — )• a, < a, 6^ — > 6, 6fc > 6, npnneM afc, 6^ ^ ^(j^) h 
BbinojmaeTca paBeHCTBO 

lim ( — - 1 ) = lim N ( - - 1 + e 



HMeeM 



i/([o,6]) = lim u{[a k ,b k \) < lim afiV ( — - 1 j = a p lim AT f - -1 + e J 



AHajiorHHHo nojiynaeM HepaBeHCTBo 



v([a,b]) > a p lim A' I - - 1 + e 
e^+o — \a 
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TeopeMa ,n;oKa3aHa. 

OTMeTHM Taxoe cjie,n;cTBHe ,n;oKa3aHHOH TeopeMbi. 

3amemahhe 3.2. Ilycmb p G Tloo (p(r)) u nycmt> N(a) = N_{a) = 0. Todda 



He npoTHBopenaT ,n;pyr flpyry. 

Mepa v Ha3MBaeTca nenpepuenou, ecnn fljia jiio6oro x v({x}) = 0. HHor^a BajKHo, 
HTo6bi Mepbi H3 npe,n;ejibHoro MHoxcecTBa Fr[p] 6bijiH HenpepbiBHbiMH. CnpaBe,n;jiHB cne- 
,nyioinHH npii3HaK HenpepbiBHocTH. 

Teopema 3.14. nycmb p G QJtoo (p( r )), a N(a) u N(a) - ee qiyHKV^uu njiom- 
Hocmu orrmocumejibHo ymoHHeHHOdo nopsidna p(r). Ecau <fiyHKV,uu N(a) u N_(a) nenpe- 
puenu na no/iyocu [0, oo), mo Mo6an Mepa v U3 MHoencecmea Fr[p] nenpepuena. 

,ZI,OKA3ATEJTbCTBO. HycTb v G Fr[p], x G (0, oo), a n - CTporo B03pacTaioiH,aH, 
b n - CTporo y6biBaioni,aa nocjie,n;oBaTejibHocTH, cxoflaiiniecH k x, npnneM a n ,b n ^ E(u). 
ITpHMeHeHHe TeopeMbi 13.131 ,n;aeT 



TeM caMbiM TeopeMa ,n,oKa3aHa. 

^jih nojiojKHTejibHbix Mep p HMeeT MecTo cjieflyionrHH KpHTepnft HenpepbiBHocTH Mep 
H3 MHOJKecTBa Fr[p\. 

Teopema 3.15. Jlycm-b p - noJiootcumejvbHasi Mepa U3 MHoencecmea p G 97too 
(p(r)) ; N(a) - eepxHHH njiomHocmt Mepu p omHocume/itiHo ymoHHeHHOdo nopndna p(r). 
fljisi modo, nmo6u see Mepu U3 npedejiwozo MHoencecmea Fr[p] 6uau nenpepuenuMU, 
Heo6xoduMo u docmamoHHO, umo6u N{ot) — > (a — > +0). 

,U,OKA3ATEJlbCTBO. IlycTb N(a) -> npn a -> +0. Tor,n,a h N(a) -»■ npn 
a — > +0. B 3tom cnynae cpyHKUHH N(a) h N(ct) 6yzryT HenpepbiBHbiMH. Ilo npeflbiiry- 
mefi TeopeMe jno6aa Mepa H3 MHoxcecTBa Fr[p] GyneT HenpepbiBHOH. 

^oxajKeM Tenepb Heo6xo,n,HMocTb ycnoBHH N(a) — > (a — > +0). ITpeflnojiojKHM 
npoTHBHoe. Tor,n;a N(a) — > 2a {a — » +0), r,ne a > 0. B stom cjrynae cymecTByioT no- 
cjie,n;oBaTejibHocTH r n — > oo, e n I Taiaie, hto p((r n , (1 + s n )r n ]) > aV(r n ). ^onojiHH- 

TejIbHO MOJKHO CHHTaTb, HTO p Tn — > V. IlyCTb < Cifc < 1 < 6fc, Ofc — > 1, 6fc — > 1, 

u({ak}) = 0, v{{bk}) = 0. Tor,n;a, Hcnojib3ya TeopeMy 13.21 Haxo^HM, hto 



Fr[p] = {0}. 



MOJKHO OTMeTHTb, HTO COOTHOHieHHe N_(a) = N(a) = H 






^({1}) = lim v([ak, bk}) = lim lim /i r „((a fc , b k }) = lim lim 




p{{akr n: b k r n }) 
V(r n ) 
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IIpii (J)HKCHpoBaHHOM k ii flocTaTOHHo 6ojil>hiiix n 6yn;eT BbinojiHHTbca cooTHoineHne (r n , 
(l + e n )r n ] C (a k r n ,b k r n ). riosTOMy 

fJ-((a k r n ,b k r n ]) — /i((r n , (1 + e n )r n \) 
lim T7T~\ - lim T7T~^ - a - 

n->co V (r n ) n-»oo V (r n ) 

M.3 3Toro ane,nyeT, hto ^({1}) > a. 3to npoTiiBopeniiT TOMy, hto Mepbi H3 MHoxcecTBa 
Fr[p] HenpepbiBHbi. TeopeMa flOKa3aHa. 

06o3HaHHM nepe3 M(p, a) MHoxcecTBo BemecTBemibix hjih KOMiuieKCHbix pa^oHOBbix 
Mep, cocToamee H3 Bcex Mep p, KOTopbie ynpBjieTBopaioT HepaBeHCTBaM: 

( (0, r]) < ar p npii < r < oo, p > 0, 

| ytt | ( [a., b]) < a In — , < a < b < oo, p = 0, 
a 

|/i|((r, oo)) < or 9 npii < r < oo, p < 0. 



Teopema 3.16. nycrrib p G OJtoo (p(r)). Tosda cyvu^ecmeyem manoe a > 0, umo 
Fr[p] C M(p,a). 

^OKASATEJlbCTBO. 06o3H~aHHM nepe3 Ni{a) BepxHioio njioTHocTb Mepbi \p\ ot- 
HOCHTejibHO yTOHHeHHoro nopa^Ka p{r). Tax kslk p G SJtoo (p(r)), to Ni(a) < oo. IlycTb 
q > 1 - npoH3BOJibHoe hhcjio. IIpiiMeHaa TeopeMbi I3.12[ I3.13[ Haxo,n;HM, hto 

OO / / 



V 

n=0 



q n+l ' g n 



r p , 



W\mr])<H(0,r]) = J2 

n=0 

— JAi > ( n +l)p QP — \ 

n=0 H H 

ecjiH p > 0. AHajioriiHHo npii p < nojiynaeM, hto 

oo 

M((r, oo)) < z>((r, oo)) = ]T z>((<f r, ^+V]) 

n=0 

< r^N, (q - 1 + 0) f; <f" = iVl( ^~ 1 p +0) ^. 

Cjiynait, Kor,n;a p = 0, paccMaTpHBaeTca aiiajioriiHHo. TeM caMbiM, TeopeMa ,n,oKa3aHa. 

3amemahhe 3.3. M.3 npueedeHHoeo doKa3ameM>cmea cjiedyem, umo e coomHowe- 
huu Fr[p] C M(p,a) e Kanecmee a mochcho 63fimt> hucjio 

A . jVi(g-l + 0) 

a = mi 1 — . 

-j>i \qP - 1\ 
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OTMeTHM, hto, KaK cjie,n;yeT H3 TeopeM 6 h 14 H3 |16| . b cjrynae p > BbinojmaeTca 

paBeHCTBO 

<j— »oo gP — 1 i — >-oo l/(r) 

Cjiynafi p < TaioKe paccMaTpHBaeTca b pa6oTe |16| . 

PaccMOTpHM npHMepbi Ha BbinncneHHe npe^ejibHoro MHoxcecTBa Fr[p\. 

JlEMMA 3.2. Ilycmt) p{r) - ymoHHenHuu nopndoK, p - Mepa na ncuiyocu (0, oo) 
c nAomHocmtK) v ^ . Tozda npedeAhnoe MHoencecmeo Fr[p] Mepu p, nocmpoeHHoe no 
ymoHHeHHOMy nopndKy p(r), cocmoum U3 odnou Mepu v, dv{x) = x p ~ 1 dx. 

JJ,OKA3ATEJlbCTBO. IlycTb <p G $. Hcnojib3ya TeopeMv 12.11 nojrynaeM 

oo oo 

(ip,p t ) = J (p(x)dpt(x) = J ip(x)—^dx, 





OO 

lim (<p, p t ) = / (f{x)x p ~ l dx = ((p, v). 

i— >-oo J 



JleMMa flOKa3aHa. 



njiomnocmt>io x % 



JIemma 3.3. nycmb p(r) - ymoHHewHuu nopndon, p - Mepa na nojiyocu (0, oo) c 
I A XM_ Togda 

x 

Fr[p] = {v : dv(u) = e iX ° c u iXo+f> - 1 du : c G (-oo, oo)}. 

JJ,OKA3 ATE JIbCTBO . IlyCTb <p G $. HMeeM 

oo oo 

1 f f%\ i\ V(x) , 4\ f , s 4\ V(ur) 1 , 
( ip ,p r ) = / <p(-)x tX °-^-dx = r tXo / ip(u)u^-^-du. 

V (r) J \r / x J V (r) u 



M.3 aToro paBeHCTBa h TeopeMbi 12.11 jierxo cjie^yeT yTBepjKflemie jieMMbi. 

Mepa p Ha3biBaeTca nepuodunecKou Mepoii nopa^Ka p c nepnoflOM T > 1, ecnii fljia 
3Toro T h jno6oro 6opejieBCKoro MHoxcecTBa E BbinojmaeTca paBeHCTBO 

p(TE)=T?p(E). (3.9) 

JlEMMA 3.4. Jlycm-b p - JionajibHO KOHeunasi nepuodunecKan Mepa nopsidna p c 
nepuodoM T > 1. Tozda p G ^^(p), Fr[p] = {p t : 1 < t < T}. 

^OKA3ATEJlbCTBO. CooTHonieHiie p G Tl oa (p) oHeBH^Ho. IlycTb t G [1,T), t n = 
tT n . H3 paBeHCTBa (13.91) cneflyeT, hto p tn = pt- IIo3TOMy p tn — > p t . TeM caMbiM, ,n;o- 
Ka3aHo cooTHonieHHe {pt : t G [1,T)} C Fr[p]. 

IlycTb Tenepb t n Taxaa nocjie,n;oBaTejibHocTb, hto pt n — > v. CymecTByeT Taxoe uejioe 
hhcjio m(n), hto t n = T n T m ( n \ rae r n G [1,T). H3 paBeHCTBa ( 13. 9p cjie,zryeT, hto p tn = 
p Tn . IIo TeopeMe BojibH,aHo-BeHepniTpacca cyni;ecTByeT cxo^amaaca noflnocjieflOBaTejib- 
HOCTb T nh , lim T nh = r, npHHeM r G [1,T]. HMeeM p Tn — > p T . Tor,n;a v = lim p tn = 

k— >oo k k— ^00 fe 

lim p Tn = p T . BMecTe c paBeHCTBaMH p = pi = px bto flaeT cooTHonieHHe Fr[p] C 

fc— >-00 k ' 

{pt : t G [1,T)}. JleMMa flOKa3aHa. 
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3amemahhe 3.4. Ilycmb a - npou360/ibHoe cmposo no/iocHcume/ibHoe hucjio, a n 
- npou360At>Hoe u,e/ioe hucjio. IJpu eunojinenuu ycAoeuu jigmmu 3-4\ cnpaeed/iueo coom- 
nowenue 

Fr\p\ = {nt- te [aT n , aT n+1 ) } . 



CAyuau a = 1, n = coomeemcmeyem ymeepcHcdenuto jieMMu \3~4 



JlEMMA 3.5. Tlycmb p > 0, a R n - cmposo eospacmatou^asi nocjicdoeamcjibuocmb 
maKasi, nmo R\ > 1, lim J 1 ™ = oo. Ilycmb Mcpa a 3adaemcsi cfiopMyjiou 



n— Yoo 



V=Y1 RP Ji% - R r 



n=l 

Todda npedejibuoe Mnootcecmeo Fr[p] Mepu p omnocumejibHO ymonneHHOdo nopsidna 
p{r) = p UMCcm eud 

Fr[fj] = {t p 5(x -t): t G (0, oo)} U {0}. (3.10) 

,II,OKA3ATEJTbCTBO. M.3 ycnoBna R n -i = o(R n ) c noMoiu,bio TeopeMM HlTOJibn;a 
jierKo nojiyHHTt., hto 

n 

J2K~K (n^oo). 

k=i 

IlycTb r > Ri n npoH3BOJibHoe, an- HanGojibinee u,ejioe hhcjio, fljia KOToporo BbinonHa- 
eTca HepaBeHCTBO R n < r. Tor^a 

n 

/*((0, r]) = J2K = ( 1 + W < (! + o(l))r" (r ^ oo). 
fc=i 

H3 3Toro cjie,n;yeT, hto p G ^^(p). 

IlycTb Tenepb t > n npoH3BOJibHo, a t n = \R n . IlycTb (p - npon3BOJibHaa cpyHKuiia 
H3 npocTpaHCTBa Tor,n;a fljia Bcex ^ocTaTOHHo Gojibinnx n BbinojmaeTca paBeHCTBo 

oo 

t P f f ut\ 

o 

OTciofla cjie,n;yeT, hto pt n — > t p 5(x — t). Tohho Tax »ce ,n;oKa3biBaeTca, hto ecjin t n = 
—R n , r,n,e r n - nocjieflOBaTejibHocTb, ynpBjieTBoparomaa ycjioBiiaM r n — > oo, T " p"' 1 — > 0, 

TO p tn -»■ 0. 

06o3HaHHM nepe3 H npaByio nacTb paBeHCTBa (l3.1Up . Mm ,n;oKa3ajiH, hto H C -Fr^]. 

IlycTb Tenepb - npon3BOJibHaa Mepa H3 Fr[p\. Tor^a v = \\mp tnl r,ne £ n — > oo. 
^onojiHHTejibHo mojkho cHHTaTb, hto KajKflbifi cerMeHT [-Rfc-i, Rk+i] co,n;epjKHT He 6ojiee, 
HeM OflHy TOHKy t n . 06o3HannM nepe3 m(n) Taxoe u;ejioe hhcjio, hto TOHKa lni? m ( n ) ecTb 
6jiHJKanniaa TOHKa nocneflOBaTejibHocTH In Rk k tohkc In t n (ecjin Taxnx nnceji flBa, to 
b KanecTBe m(n) Bbi6npaeM MeHbniee). ^onojiHHTejibHoe orpaHnneHne Ha nocjie,n;oBa- 
TejibHocTb t n o6ecneHHBaeT BbinojmeHHe ycnoBna m{n\) ^ m{ri2) npn m ^ n^- TaKHM 
o6pa30M, cym;ecTByeT oflH03HaHHoe npeflCTaBjieHne nncjia t n b Bn,n;e 

t n = Rm(n)- (3-H) 
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^onojiHHTejibHO mojkho npe,n;nojio:>KiiTb , hto nocjie,n;oBaTejibHocTb r n cxo,n;HTca jih6o k 
KOHeHHOMy npe,n;e,ny, jiii6o k 6ecKOHeHHocTH. IIpeflnojiojKHM, hto 

lim r n = oo. (3-12) 

n— >-oo 

BbinojiHHioTca cooTHonieHiia 

lni n - hvRrn^-i > lni? m ( n ) - lni n , 



^ ; -Rm(n) _ ^ / r> r> 

'n _ y n ' 1 n — y - rt m(n) — l- n -m(n) ) 
* ''m(n) — 1 

T~nRm(n) — l ^ 




m(n) 

lim ^^W- 1 =0 , (3.13) 

H3 cooTHonieHHfl ( I3.1ip -( 13.13p cjie,n;yeT, hto \it n — >■ 0. Shshht, b paccMaTpiiBaeMOM cny- 
nae = 0. 

AHajiorHHHo ,zi;oKa3biBaeTca, hto b cjiynae, ecnn r n — >■ TaioKe BbinojiHaeTca coot- 
HonieHHe /Ut n — > 0. 3to cjie^yeT H3 jierxo npoBepaeMoro cooTHonieHHa 

lim TnRm ^+ 1 = oo. (3.14) 

n ^°° Rm{n) 

IlycTb Tenepb r n — > t G (0, oo). y»ce ,n;oKa3aHo cooTHonieHiie ^ — >■ r p 5(x — r), 
r,n;e £ n = -R m ^ n \. Tenepb H3 TeopeMbi 13.11^ npiiMeHeHHoft k nocjieflOBaTejibHocTH t n 
cjie^yeT, hto \i tn —> r p 5(x — r). Cjie,n,OBaTe,nbHo, b 3tom cjiynae v = r p 5(x — r). Mm 
,n;oKa3a,nH, hto b jiioGom cnynae v G -ff. TeM caMbiM ,n,OKa3aHO cooTHonieHiie Fr[/i] C -ff. 
M.3 npHBefleHHbix paccyjKfleHHfi cjie,zryeT yTBepjKflemie jieMMbi. JleMMa ,n;oKa3aHa. 

OTMeTHM, hto flc-KasaTejibCTBo jieMMbi mojkho H3BjieHb H3 pa6oTbi [17J. 

C tohkh 3peHHa TeopHH npeflejibHbix MHOJKecTB Han6ojiee npocTbiMH aBjiaioTca Te 
Mepbi /j, G yJloo (p(r)), fljia kotopmx npe,n;ejibHoe MHcoKecTBo Fr[fi] coctoht H3 o,ii;hoh 
Mepbi v. Taxne Mepbi mm Ha3biBaeM peey/inpnuMu iijiii pesyjisipnuMu e cMuc/ie A3apu- 
na. Hccjie,nyeM, KaKoft MOJKeT 6biTb npe^ejibiiaa Mepa ,n;jia peryjiapHoft Mepbi p. 

Teopema 3.17. Tlycmb p(r) - ymoHHenHuu nopsidoK, p = lim p(r) u p, G 97too 

n— >-oo 

(p(r)). JJycm-b Mepa p peeyjinpnan u {is} = Fr[p\. Tosda cymecmeyem KOMruiencHoe 
Huc/io c maKoe, umo du(r) = cr p ~ 1 dr. 

,H,OKA3ATEJlbCTBO. Ecjih KOMiuieKCHaa paflOHOBa Mepa p = p\ + ip 2 peryjiapHa, 
to peryjiapHbiMH 6yzryT h Mepbi p\ ii p 2 - IIoaTOMy ^ocTaTOHHo flOKa3biBaTb TeopeMy ,n;jia 
Bem,ecTBeHHbix Mep Pa^oHa. IlocKOJibKy MHoxcecTBo Fr[p] nHBapnaHTHo oTHocHTejibHo 
npeo6pa30BaHiia F t , to BbinojiHaeTca paBeHCTBO v = F t v. IlycTb < a < b < oo. Tor- 
fla, b nacTHocTii, v((a,b]) — (F t ^)((a,6]) = t~ p v((at, bt}). Bbi6iipaa t = i nojiyniiM 
u((a, b}) = a p u((l, J]). 06o3HaHiiM N(s) = 1 + s]), s > 0. Tor^a 



N( Sl + s 2 ) = 1 + si]) + i/((l + si, 1 + si + s 2 ]) = iV(si) + (1 + si) p A^ 



S2 



1 + Si 
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OyHKHHH AT, yflOBjieTBopaioiu,He TaKOMy paBeHCTBy b [16J Ha3biBaiOTCH p-addumuenuMU. 
IIocKOJibKy v - jioKajibHo KOHeHHaa Mepa Ha nonyocn (0, oo), to cpyHKinia N orpamrae- 
Ha Ha nojiyHHTepBajie (0, 1]. IIo TeopeMe 4 |16| cymecTByeT BemecTBeHHoe c Taxoe, hto 
cnpaBefljiHBbi cooTHonieHHa 

N(s) = - ((1 + s) p - 1) , p ^ 0, N(s) = cln(l + s), p = 0. 
P 

Mbi nojiynaeM, hto npn b > 1 BBinojiHaioTca paBeHCTBa 

u((l,b}) = ^(bP-l), p^O, v((l,b}) = clnb, p = 0. 

M.3 3thx paBeHCTB jierxo cjie^yeT yTBepjK,n;eHHe TeopeMBi. TeopeMa flOKaaaHa. 

CjieflyioHi;ee cbohctbo perynapHbix Mep ecTb npocToe cne,n;cTBHe onpeflejieHHft. 

ByneM roBopHTb, hto ceTb Mep Pr (R G (0, oo)) mnpoKO cxo^htch k Mepe p npn 
R — > oo, ecjiH fljia jho6oh cpyHKHim p G $ BbinojiHaeTca paBeHCTBO lim (pr, p) = (p, (p). 

R— »oo 

Teopema 3.18. Tlycm/b p(r) - ymoHu'dnnuu nopndoK, p G DJtoo (p(r)) - pezyjwp- 
nasi Mepa, npuneM {u} = Fr[p\. Tozda 

v = lim pr. (3.15) 

R— >oo 

,ZI,OKA3ATEJlbCTBO. IloKajKeM BHanajie, hto rjisi jho6oh cpyHKHHH p G $ cymecT- 
ByeT npe^eji 

oo 

lim / p(x)dpR(x) = a((p). (3.16) 

R^-oo J 







Ecjih 3TO yTBepjK,n;eHHe HeBepHo, to cymecTByioT cpyHKinia p G $ h ,n,Be nocjieflOBaTejib- 



hocth r n — >■ OO H — > OO TaKHe, HTO 



oo oo 



lim / p(x)dp rn (x) ^ lim / p(x)dp Rn (x). (3.17) 

n— ^oo / n— >oo / 







Tax KaK ceMeficTBo Mep Pr, R > 1, KOMnaKTHo, to, He orpaHHHHBaa oGihhocth, mojkho 
CHHTaTb, hto nocjieflOBaTejibHOCTH p Tn h pR n ninpoKo cxoflHTca. IIocKOJibKy npe^ejibHoe 
MHOJKecTBo Fr[p] coctoht H3 oflHofi Mepbi v, to p rn — \ v h /iij n — > v. IIo onpeflejieHHio 

HIHpOKOH CXOflHMOCTH 

oo oo 

lim / p(x)dp r (x) — / ip(x)dv(x), 

n->oc J J 


oo oo 

lim / p(x)dpR (x) = / <p(x)dv(x). (3.18) 

n^oo J J 


3to npoTHBopeHHT ( I3.17P h, TeM caMbiM, paBeHCTBO (13. 16H ,n,oKa3aHo. H3 paBeHCTBa ( 13. 18H 

00 

cjie,n;yeT, hto a((p) = J p(x)du(x). TeopeMa ,n;oKa3aHa. 



B cjie,nyK)Hi,eH TeopeMe onncbiBaioTCH nojiojKHTejibHbie peryjiapHbie Mepbi. 
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Teopema 3.19. nycmt p(r) - npou3eoA,t>Huu ymoHHenHuu nopndon, p - nojio- 
CHCumejibHasi Mepa na no/iyocu (0, oo), p G 97too (p(r)). JJjisi rnoso, umo6u Mepa p 6%uia 
pezyjiapHou omHocumejit>HO ymoHHeHHoeo nopsidna p(r), neo6xoduMo u docmamoHHO, 
umo6u eunojiHHAocb aaedytov^ee yaaoeue (e 3aeucuMocmu om 3naKa p amo ycjioeue 
3anucueaemcsi e pa3JiuuHou aiopMe): 

£l^=°> »«>• <»•*» 

p((aR,bR}) b n , n M . 

lim PU T ' SJ = cln-, p = 0, 3.21 

djifi Ato&bix a u b, < a < b < oo. 

^OKASATEJlbCTBO. Jlerxo yBH^eTb, 3anHCMBaa cooTBeTCTByroiHiie HHTerpajib- 
Hbie cyMMbi PHMaHa-CrajiTbeca, hto 113 paBeHCTB (13 . 1 9p - (13 . 2 1 j) cjie^yeT, hto fljia jiio6oh 
(pyHKHHH (p e $ BbinojiHaeTca paBeHCTBo 



lim / (p(x)dpn(x) = / (p(x)du(x), (3.22) 

fi^oo J J 


r,n;e dv(x) = c\p\x p ~ 1 dx, ecjin Oh du(x) = -dx, ecnn p = 0. OieBH^Ho, hto H3 ( I3.22p 
cjie^yeT peryjiapHocTb Mepbi p. 

IlepexoflHM Tenepb k ,n,oKa3aTejibCTBy Heo6xo,n;HMocTH. IlycTb p - peryjiapHaa Mepa. 
Tor,n;a no TeopeMe l3.18l lim pn = v. IIo TeopeMe 13. 161 Mepa v HenpepbiBHa. H3 TeopeMbi 

R^-oo 

!3.2l cjiezi;yeT. hto lim //r([ci, b}) — v([a, b]). 3to sKBHBajieHTHo paBeHCTBaM ( 13. 19f) -( l3.2ip . 

R^-oo 

TeopeMa ,n,oKa3aHa. 

TeopeMa 13.191 He cnpaBe,n;jiHBa fljia BemecTBeHHbix Mep Pa^oHa. H3 TeopeMbi 13.171 h 
jieMMbi 13.41 cjie^yeT, hto pjisi Toro, hto6m onncaTb BemecTBeHHbie peryjiapHbie Mepbi, 
,n;ocTaTOHHo onncaTb BemecTBeHHbie Mepbi c HyjieBbiM npe,nejibHbiM mho JKecTBOM . 3to 
c^ejiaHo b cjieflyiomeH TeopeMe. 

Teopema 3.20. nycmt, p e Tloo (p(r)). JJasi modo, %mo6u eunoAWUiocb paeen- 
cmeo Fr[p] = {0}, neo6xoduMo u docmamouHo, umo6u cymecmeoeajia eospacmawu^asi 
nocAedoeameAbHocmb r n cxodnu^asicsi k 6ecKOHeHHOcmu maKOM, nmo 

lim n+1 = 1, 

V ' (r n ,r„ + i]n[R,2R]/0 

^OKasaTejibCTBo TeopeMbi 13.201 HaM H3BecTHo. Oho 3HanHTejibHo cjiojKHee ,n;oKa3a- 
TejibCTBa TeopeMbi 13.191 h bmxoaht 3a paMKH Hanien pa6oTbi. SaMeTHM, o^HaKo, hto 
flOKaaaTejibCTBo TeopeMbi 13.201 b cTopoHy flocTaTonHocTH ,n;oBOJibHo npocTo. TeopeMa 
13.201 npHBe,n;eHa fljia nojiHOTbi HHcpopMauiiH. 
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4 AGejieBbi TeopeMbi rjisi HHTerpajiOB 



Mm npiicTynaeM k H3Jio:s<eHHio pe3yjibTaTOB, KOTopue MoryT 6biTb onncaHbi KaK 
a6ejieBbi TeopeMbi fljia HHTerpajiOB. Ochoehmmh o6T>eKTaMH Haniero Hccjie,n;oBaHHH aBjia- 
K)Tca cpyHKi^Hii ^(r), J(r), Mepa s, MHoacecTBo L( J, oo) (cmotph cpopMyjry (jl.2l) n cjie- 
,nyK)iii;HH 3a Heft tckct) . 

OflHa H3 uejien 3Toro pa3,n;ejia - oniicaTb cBoficTBa cpyHKinrii J(r) b 3aBiiciiMocTH ot 
orpaHHHeHHH Ha a^po K n Mepy \i. 

Mm HaHHeM co cjie,nyioiii;ero npocTo ,n,oKa3biBaeMoro yTBepjKfleHHH. TeM He MeHee sto 
yTBepjK,n;eHHe co,n;ep5KHT ocHOBHyio n,n;eio MeTo^a - ncnojib30BaTb fljia onncaHHa cbohctb 
cpyHKHHH J(r) npe,n,ejibHoe MHoacecTBo Fr[p] Mepbi \i. 

TEOPEMA 4.1. nycmt, p(r) - npou3eoAt>HUU ymonneHHUU nopndoK, \i G 97too 
(p(r)), K - nenpepuenoe diuHumnoe ndpo na nojiyocu (0, oo). Tozda euno/mnemcsi paeen- 
cmeo 



,U,OKA3ATEJlbCTBO. 06o3HaHHM nepe3 H npaByio nacTb paBeHCTBa ( 14. lft . IlycTb 
v - npoH3BOJibHaa Mepa H3 MHoxcecTBa Fr[(i\. CymecTByeT nocjie,n,OBaTejibHocTb 
r n — > oo Taxaa, hto (i Tn — > v. Tor^a no onpeflejieHHio ninpoKoft cxo^hmocth 



J{fn) J K(u)du(u). Mm ,n;oKa3ajiH BKjnoneHne H C L(J, oo). 
o 

IlycTb Tenepb r n — > oo Taxaa nocjieflOBaTejibHocTb, hto nocjieflOBaTejibHocTb J(r n ) 

CXOflHTCH B Co6cTBeHHOM HJIH HeCo6cTBeHHOM (cXOflHTCH K 6eCKOHeHHOCTH) CMblCJie. TaK 

Kax no jieMMe 13.11 nojiyTpaeKropna (x r , r > 1 , KOMnaKma, to He orpaHnnnBaa o6hi;hoc- 

TH MOJKHO CHHTaTb, HTO nOCJieflOBaTejIbHOCTb \l rn IHHpOKO CXOflHTCH K HeKOTOpOH Mepe 



v. IIo onpe,n,ejieHHio Fr[p] v G Fr\p\. Ho ,n,oKa3aHHOMy J(r n ) — > f K(u)dv(u). Mbi 



flOKa3ajiH cnpaBe,n;jiHBocTb BKjnoneHHa L( J, oo) C H, a BMecTe c 3thm - n TeopeMy. 

3HanHTejibHaa nacTb flajibHeninnx pe3yjibTaTOB rjiaBbi 6yneT BapnaHTaMH TeopeMbi 
14.11 Mbi 6yn;eM paccMaTpnBaTb pa3jinnHbie orpaHnneHna Ha a^po K n Mepy \x. ^jih 
Hanajia nocMOTpnM, k neMy Be,n;eT oTKa3 ot HenpepbiBHocTH a,npa K. B stom cjiynae 
MHoacecTBo Fr[p] yace He onpe^ejiaeT MHoxcecTBo L( J, oo). 

IlycTb \i G 9Jtoo (p( r ))- PacmupeuHUM npedeji'bHUM MHoatcecmeoM Fr\p] Mepbi \i Ha- 
30BeM MHOJKecTBo nap Mep (y%, V2) Taxnx, hto cym;ecTByeT nocjie,n;oBaTejibHocTb r n — > 00 
Taxaa, hto \i Tn —> v, (i 1 r ^ — > v\, p 2 rn — > r^e fi^. - orpaHHneHHe Mepbi (i rn Ha nojiy- 
HHTepBaji (0, 1], a /j% - orpaHnneHne Mepbi \i rn Ha nojiyocb (1, 00). 

TEOPEMA 4.2. nycrnt p(r) - npou360Jit>HUU ymoHHeHHUU nopndoK, \x G 97too 
(p(r)) ; K - (fiyuK'nusi tfiuHumHasi na no/iyocu (0, 00) Henpepuenan ecwdy, npoMe itiohku 
t = 1, Komopan KeJiaemcsi moHKOu pa3puea nepeoeo poda d/in cfiyHKi^uu K(t), npuneM 
cfiyHKyufi K(t) nenpepuena cjieea e moHKe t = 1. Tozda eunojmjiemcfi paeencmeo 




(4.1) 



00 



00 







L( J, 00) 
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zde K - nenpepuenoe npodoAcncenue (fiyHKi^uu K(t) c nojiyocu (1, oo) na nojiyoct [1, oo). 
OTMeTHM, hto xoth Mepa He HarpyjKaeT Tonicy 1, Mepa z^2 MoaceT HarpyjKaTb 

3Ty TOHKy. ITo3TOMy B CpOpMyjIHpOBKe TeOpeMM CpyHKHHIO K(t) HejIb3H 3aMeHHTb Ha 

cpyHKinno K(t). 

,HpKA3ATEJlbCTBO. ^oKasaTejit-cTBo TeopeMbi 14.21 npoxonHT no cxeMe ,n;oKa3aTejib- 
CTBa TeopeMBi 14. 11 HyxcHO tojibko nojib30BaTbca paBeHCTBaMH rana Hn:a<ecjie,ziyioiii;ero. 
IlycTb Ki(t) - HenpepbiBHoe cpnmiTHoe npo,n;ojiJKeHHe cpyHKHHH K(t) c nojiynHTepBajia 
(0, 1] Ha nojiyocb (0, oo). Tor,n;a 

1 1 oo oo 

J K{t)dv x {t) = J Kxtydviit) = J Kx{t)dv x {t) = lim J K x {t)dii x rn {t). 



Ilpn cooTBeTCTByiomnx orpaHHHeHHHx Ha Mepy \i Tpe6oBaHne HenpepbiBHocTH Hflpa 
K cTaHOBHTca h3jihhihhm. B cnynae pa3pbiBHbix aflep K h aGcojHOTHo HenpepbiBHbix 

oo oo 

Mep \x HHTerpaji J K(t)dp(t) cjie,nyeT noHHMaTb KaK f K(t)p! (t)dt. 
o o 

Teopema 4.3. IIycrm> p(r) - npou360At>Huu ymoHHennwu nopsidon, \x - padonoea 
Mepa na no/iyocu (0, oo) c njiomHocmt>K> p'(r), ydoe/iemeopMoiu,eu Hepaeencmey \fj/(r)\ 
< M^-^-, r e [1, oo), K - cfiuHumHoe ndpo U3 npocmpancmea Li(0, oo). Tozda 



L(J, oo) = I J K{u)dv{u) : v e Fr\ii\ j . (4.2) 



^OKASATEJlbCTBO. riycTb N\{t) - BepxHHH njioTHocTb Mepbi \n\. HMeeM 

(l+a)r 

M(( r (1 + a )r]) ,. % , f 1 V(t) , 
iVi(a) = lim . ! u < lim M / -=^rdt 

r— >-oo V (r) r— >-oo J t V (v) 

r 

= M lim / — zrr^-du = M v 



r— ¥oo 



1 



u V(r) p 



H3 TeopeMbi 13. 151 cneiryeT. hto Bee Mepbi bo MHoacecTBe l*V[|/i|] HenpepbiBHbi. Bee Mepbi 
bo MHOJKecTBe Fr[/j] Tarcste GyzryT HenpepbiBHbi. H3 cKa3aHHoro h TeopeMbi 13.21 cneayeT. 
hto ecjin v = lim /j, t , to BbinojiHaeTca paBeHCTBo 

n— >oo " 

u([a,b]) = lim fi tn ([a,b]) 

n— >oo 

,n;jia jno6oro cerMeHTa [a, 6] C (0, 00). H3 stoto cjie^yeT, hto 



H[a,b])\< lim [ d\n\t n (t) < M lim f lY^dt = M- 



P 
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H3 3Toro HepaBeHCTBa cjie,zjyeT, hto jno6aa Mepa v H3 MHoacecTBa Fr\p] HBjiaeTca a6co- 
jiiotho HenpepbiBHoit h BbinojiHaeTca HepaBeHCTBo < Mx p ~ x . IlycTb r n — > oo 

Taxaa nocneflOBaTejibHocTb, hto (j, Tn — > v. IlycTb e - npoiKBOJibHoe cTporo nojioxcH- 
TejibHoe hhcjio, a K\ - cpimiiTHaa HenpepbiBHaa cpyHKinia Ha nanyocn (0, oo) h Taxaa, 

HTO 

oo 

\K(t) -K x (t)\dt < e. 



Tor,n;a 



HMeeM 



K{t)dHr n (t) - j K{t)du(t) 



< 



(K(t) - K^Wr^t) 



+ 



[K(t) - lTi(t))di/(t) 



+ 



oo 



oo oo 

J (K^-K^d^it) <M J \K(t)-K!(t)\ 



V(r n t) 
tV{r n ) 



(4.3) 



oo 

<2M J \K(t) -K 1 (t)\t p - 1 dt < 2Mmax{r 1 : te[a,b}}e, 
o 

r^e [a, b] C (0, oo) TaKofi cerMeHT, hto suppK, suppKi C [a, b]. BTopoe cjiaraeMoe b 
npaBofi nacTH HepaBeHCTBa ( 14 . 3 f) flonycxaeT Taxyio »ce oueHKy. TpeTbe cjiaraeMoe CTpe- 
MHTca k Hyjiio npn n — > oo. H3 cKa3aHHoro cjie^yeT, hto 

00 

lim J(r n ) = / K(u)dv(u). 

n— >oo / 



TeM caMbiM ,n;oKa3aHo, hto cnpaBe,n;jiHBo BKjnoHeHHe H C L(J, 00), r,ne if - npaBaa 
nacTb paBeHCTBa ( 14. 2p . ^oxasaTejibCTBo 3aKaHHiiBaeTca paccyjKfleHHeM aHajiorHHHbiM 
TOMy, KOTopoe npHBe^eHo npn flOKa3aTejibCTBe TeopeMbi 14.11 

^ajiee b ycnoBHax TeopeM I4.1H4.3I mm 3aMeHHM Tpe6oB aHiie cphhhthocth a^pa K 
Gojiee cjra6biM orpaHHHemieM Ha bto a^po c coxpaHeHHeM yTBep>KfleHHH sthx TeopeM. 
IIpH 3tom ycHjiHBaeTca orpaHHHeHHe Ha Mepy \x. 

HaHHeM c Heo6xo,n;HMbix onpe,n;ejieHHH. 

Mm 6yn;eM roBopHTb, hto TpoftKa (K,p(r),n) ynpBjieTBopaeT ycjioeuw Heumpajiu3a- 
i^uu Hyjin, ecjiH 



lim lim 

e— >+0 r— »oo 



K(t)dp r (t) 



0. 
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Mm 6yn,eM roBopiiTt., hto TpoiiKa (K, p(r), p) ynpBjieTBopaeT ycjioeum Heumpcuiu3a- 
u,uu 6ecK0HeHH0cmu, ecim 



lim lim 



K{t)dp r {t) 



N 



0. 



3aMeTHM, hto ecjiH K - cpiiHHTHoe aflpo Ha nojiyocn (0, oo), to TpoiiKa (K, p(r), fi) 
y,n,OBjieTBopaeT ycnoBHHM HeiiTpajiH3aHHH Hyjia h 6ecKOHeHHocTH npn jiio6om yTOHHen- 
hom nopa,n;Ke p(r) h jho6oh paflOHOBoit Mepe p Ha nojiyocn (0, oo). 

BBe,n;eHHbie onpe,n;e,neHHH ,n;aioT bo3mojkhoctb ynpocTHTB cpopMyjnipoBKH pa,n;a Teo- 
peM, no3BOJiaa He ,n;eTajiH3HpoBaTb orpaHHHeHHH Ha a^,po K h Mepy p, KOTopbie o6ecne- 
HHBaioT BbinojiHHMocTb ycjioBHH HeHTpajiH3ai^HH Hyjia h 6ecKOHeHHocTH. ^eTajiHsainno 

OrpaHHHeHHH Ha K H p MOJKHO OCpOpMJIHTb KaK CaMOCTOHTejIbHbie yTBepJKfleHHH. 

JIemma 4.1. Ecjiu mpouna (K, p(r), p) ydoe/iemeopsiem ycjioeum Heumpajiu3au,uu 
nyjisi, mo 



lim lim 

£1— *-+0 r— >oo 



^2 



K(t)dp r (t) 



El 



0. 



JIemma 4.2. Ecjiu mpouKa (K, p(r), p) ydoejiemeopsiem ycjioeuw Heumpajiu3au,uu 
6ecKOHeHHOcmu, mo 

N 2 



lim lim 

N 2 — > cc 



K(t)dp r (t) 



Ni 



0. 



JleMMbI 14.11 H 14.21 OHeBHflHbl. 



Teopema 4.4. Ilycmb p(r) - npou360Jit>Huu ymonHCHHUu nopndon, p e 9JT(p(r)), 
K - Henpepuenoe ndpo na nojiyocu (0, oo). Ecjiu mpoilKa (K, p(r), p) ydoejicmeopsicm 
ycAoeuHM Hcumpajiu3au ) uu nyjisi u 6ecKOHeHHOcmu, mo d/isi ak)6ou Mepu v 6 Fr[p] uh- 

oo 

mespaji j K(t)du(t) cyu^ecmeyem nan Hcco6cmecHHUU unmespaji c oco6umu moHKaMU 
o 

u oo. 

,HpKA3 atejtl>ctbo . IlycTb v - npoH3BOJibHaa Mepa H3 npe,n;ejibHoro MHOJKecTBa 
Fr[p\. Cym;ecTByeT nocjie,n;oBaTejibHocTb r n — > oo Taxaa, hto p Tn — > v. ^onojiHHTejibHo 

MOJKHO CHHTaTb, HTO \p\r n ~* V- TaK KaK TpOHKa (K,p(r) : p) yflOBJieTBOpaeT yCJIOBHHM 

HeHTpajiH3ai^HH Hyjia, to H3 jieMMbi 14.11 cjie,n;yeT, hto rjir jno6oro 5 > cymecTByeT 
hhcjio So > TaKoe, hto ecjiH < e± < 62 < £0, to 6yn,eT BbinojiHHTbca HepaBeHCTBo 



lim 

r— ^00 



= 2 



K(t)dp r (t) 



El 



< s. 



B HaCTHOCTH, 



lim 

n— >-oo 



c 2 



K{t)dp rn {t) 



£1 



< 5. 



(4.4) 
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IlycTb E - MHOJKecTBo ToneK, KOTopbie HarpyjKaeT Mepa v. MHoacecTBo E - sto He 
Gojiee neM cnerHoe mho JKecTBo . ^onojiHHTejibHo npe,n;no,no:>KHM, hto £1,62 ^ E. Hcnojib- 
3ya TeopeMy 13.21 HepaBeHCTBo ( I4.4H mojkho nepenncaTb b Bn,n;e 



£2 



K(t)dv(t) 



< S. 



(4.5) 



B 3tom HepaBeHCTBe npe,n;nojiaraeTca, hto nncjia E\, 62 ynpBjieTBopaioT orpaHHHemiio 
61,62 4- E- O^HaKo H3 paBeHCTBa 

£2 S2+h 



K{i)dv{t) 



£1 



lim 

/i->+0 



K{t)du(t) 



e\ — h 



cjie^yeT, hto sto orpaHHHeHHe mojkho oT6pocHTb. Tor^a HepaBeHCTBo (14.51) o3HanaeT, hto 

00 

fljia Heco6cTBeHHoro HHTerpajia J K(t)du(t) BbinojiHaeTca ycjioBHe Kohih cxo^hmocth 



HHTerpajia b oco6oh Tonxe 0. CjieflOBaTejibHo, HHTerpaji cxoflirrca b Hyjie. AiiajioniHHo 
flOKa3biBaeTca cxo^HMocTb 3Toro HHTerpajia b 6ecKOHeHHocTn. TeopeMa ,n;oKa3aHa. 

Tenepb mm MoxceM ,n;oKa3aTb BapnaHT TeopeMbi I4.1[ b kotopom Tpe6oBaHHe <phhht- 

HOCTH Hflpa K OTCyTCTByeT. 

Teopema 4.5. nycmt) p(r) - npou360Jit>Huu ymoHneHHUu nopndoK, p G QJloo 
(p(r)), K - nenpepuenoe sidpo ua nonyocu (0, 00). Ecjiu mpouKa (K, p(r), fx) ydoenem- 
eopnem ycAoeusiM Heumpajiu3av,uu nyjisi u 6ecKOHeHHOcmu, mo 



(DO 
J K(u)du(u) : v G Fr[p] 



(4.6) 



,HpKA3 ATEJlbCTBO . ITycTb v - npoH3BOJibHaa Mepa H3 npe,n;ejibHoro MHoxcecTBa 
Fr\p\. CyiuecTByeT nocjieflOBaTejibHocTb r n —¥ 00 Taxaa, hto p Tn —> u, \p\r n —> v. ITycTb 
6 - npoH3BOJibHoe CTporo nojiojKirrejibHoe hhcjio. H3 Toro, hto TpoflKa (K, p(r), p) yflOB- 
jieTBopaeT ycjioBiiaM HeHTpajiii3aii;iiii Hyjia h 6ecKOHeHHocTH h H3 TeopeMbi 14.41 cjie,zryeT, 
hto cyni;ecTByioT Hiicjia £0 > h N q > Taxne, hto fljia 6 G (0, £0) H N > N Q 6yzryT 
BbinojiHHTbca HepaBeHCTBa 



lim 

1 — >oo 



K(t)dp r {t) 



K{t)dv{t) 







<s, 



lim 

T— ^OO 



K{t)d\x r {t) 



N 



K{t)du(t) 



N 



< 5. 



(4.7) 



ByneM cHHTaTb, hto tohkii ehI ynpBjieTBopaioT BbinHcaHHbiM ,n;jia hex cooTHonie- 
hhhm h, KpoMe Toro, He HarpyjKaioTca Mepoft v. Tor,n;a 

£ 

< / K(t)dp rn (t) + [ K(t)dv{t) 



K(t)dp rn (t)- j K(t)dis(t) 
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oo 




oo 




+ 


J K(t)dp rn (t) 


+ 


J K{t)du{t) 


+ 




N 




N 





N 



N 



K(t)dp rn (t)- J K(t)du(t) 



(4- 



ITo TeopeMe 13.21 nocjiemiee 113 BbinHcaHHbix cjiaraeMbix cTpeMHTca k Hyjiio npn n — > 00. 
H3 SToro, a TaKace 113 HepaBeHCTB ( 14. 7p h (14. 8p cjie^yeT, hto 



lim 

n— ¥00 



K{t)dflr n {t) - I K(t)di'(t) 




< 45. 



PI3 3Toro, b cbok) onepe^b cjie^yeT, hto H C L(J, 00), rne H - npaBaa nacTb paBeHCTBa 
(14 .6p . OKOHHaHHe npKa3aTejibCTBa Taxoe xce, kbr h b TeopeMe 14.11 TeopeMa npKa3aHa. 

^ajiee mm npiiBOfliiM BapiiaHTM TeopeM 14.21 h 14.31 B kotopmx Tpe6oBaHiie <phhhthoc- 
th anpa K oTcyTCTByeT. Ohh npKa3MBaioTCH c nc-Moiubio paccyjKneHHft aHajiorHHHbix 
TeM, KOTopbie npHMeHajiHCb npn n,OKa3aTejibCTBe TeopeMM 14.51 

Teopema 4.6. JJycm-b p(r) - npouaeoAWWu ymounennuu nopndoK, p G 9Jtoo 
(p(r)). ITycmb K(t) - ndpo na no/iyocu (0, 00) nenpepuenoe ecwdy npojvie tuohku 1, 
Komopasi HejinemcH moHKou paspuea nepeozo poda, npuueM <f>ynKn,ufi K{t) nenpepuena 
cjieea e mouKe 1. IIycmt> mpouna (K,p(r),fi) ydoejiemeopsiem ycjioeusiM neumpajiu3a- 
u,uu nyjiR u 6ecKoneuHocmu. Tozda 

fi 00 
j K{t)dv x {t) + J K(t)du 2 (t) : {v u u 2 ) G Fr[p] 



zde K(t) - nenpepuenoe npodojiotcenue ndpa c nojiyocu (1, 00) na nojiyocb [1, 00). 

Teopema 4.7. IIycmt> p(r) - npou3eojit>nuu ymonnennuil nopndon, p - padonoea 
Mepa na nojiyocu (0, 00) c njiomnocmbw p'(r), ydoejiemeopnK>m,eu nepaeencmey |//(r)| 
< M^-^-. Tlycnih K(t) - /lona/ibno unmeepupyeMoe adpo na no/iyocu (0, 00) u nycmh 
mpouKa (K, p(r), p) ydoenemeopnem yc/ioeutiM neumpajiu3au,uu nyjia u 6ecKoneunocmu. 
Tozda 



L(J, 00) 



J K{t)dv(t) : v G Fr[p] 



B cbh3h c TeopeMaMH !4.5tl4T7l Baa<:Hoe 3HaneHHe npno6peTaeT Bonpoc 06 orpaHiineHiiax 
Ha aflpo K 11 Mepy p, KOTopbie 6m rapaHTiipoBajiH, hto Tpoftita (K,p(r), p) yapBjieTBo- 
paeT ycjioBHHM HeHTpajiH3aHiiH Hyjia 11 6ecKOHeHHocTH. Mm ,n;oK:a:>KeM ^Ba pe3yjibTaTa 

Ha 3Ty TeMy. B CBH3H C HH>KeCJieflyiOIIXIIMH yTBepJKfleHHHMH HMIOMHHM , HTO CpyHKHHH 

7(£) onpe,n;ejieHa paBeHCTBOM ( ll.ip . 

JIemma 4.3. IIycrm> p(r) - npouseojubnuu ymonnennuu nopndoK, p - padonoea 
Mepa na nojiyocu (0, 00) c njiomnocmbw p'{r), ydoejiemeopsiwv^eu nepaeencmey |//(r)| 
< (r G (0,oo)). nycrrib t p - l ~f(t)K(t) G Li(0,oo). Tozda mpouna (K,p(r),p) 

ydoejiemeopnem ycjioeusiM neumpajiu3au,uu nyjisi u 6ecKonennocmu. 
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,ZI,OKA3 ATEJlbCTBO . Hcnonb3ya HepaBeHCTBo (I2.15j) . HaxonHM, hto 



K(t)dp r (t) 



e e 

<M J \K(t)\^dt<M J t^(t)\K(t)\dt. 



II3 aToro HepaBeHCTBa h yonoBiia t p ~ 1, y(t)\K(t)\ G Li(0, 00) cjienyeT, hto Tpoftxa 
(K : p(r), p) y^oBjieTBopaeT ycnoBHio HeHTpajiH3aHiiH Hyjia. AHajioriiHHo ^0Ka3biBaeTca, 
hto 3Ta TpoflKa (K, p) yupBjieTBopaeT ycnoBHio HeHTpajiH3aiB3H 6ecKOHeHHOCTH. 
JleMMa ,n;oKa3aHa. 

3AMEHAHHE 4.1. B (fiopMyjiupoeKe JieMMU \4 . 3\ ynacmeyem cfiyHKi^uJi ^(t), uc- 
cAedoeanue Komopou npedcmaejiaem onpede/ieHHue mpydnocmu. 9mu ucc/iedoeaHusi 
cmanoesimcsi u3jiuiuhumu, ecjiu ndpo K ydoejiemeopsiem ycjioeun) 
Li(0, 00) 3jir neKomopoeo e > 0. H3 smoso coomHomenun u meopejuu \2.5\ eumeKaem, 
umo tP-^^Kit) G Li(0,oo). 

Cjie,nyioni,HH pe3yjibTaT bocxo^ht k BnHepy. 
IlycTb K{t) - aflpo Ha nojiyocn (0, 00). 06o3HaHHM 

K n = sup{ \K(t)\ : t G (e n ,e n+1 }}, nG (-cjo.oo). 

MHOJKecTBo 3Jt(p(r)), yHacTByiomiie b cpopMyjiiipoBKe cjieflyiomeft jieMMbi, onpe,n;e,ne- 

HO BO BBefleHHH. 

JIemma 4.4. ITycmb p{r) - npou360AbHuu ymoHHeHHUu nopsidoK, \i G 9Jl(p(r)). 
IJycmti K(t) - 6opejieecKafi c^yHKi^usi na nojiyocu (0, 00) manasi, umo cxodumcn pad 



e n ^(e n )K n , p = p(oo) 



(4.9) 



n= — 00 



Todda mpouKa (K, p(r), p) ydoejiemeopfiem ycjioeuHM HeumpaAU3av ) uu nyjisi u 6ecKOHeu- 
Hocmu. 



,ZI,OKA3 ate JlbCTBO . H3 ycjiOBHa p G Wl(p(r)) cjie,n;yeT, hto cymecTByeT Taxoe 
A > 0, hto ,n;jia jiio6oro r > BbinojiHaeTca HepaBeHCTBo |/i|((r, er]) < AV(r). ,Hajiee 

HaXOflHM 



er 

w) I K (9 Mt) 



1 n ° 

- V(r) f-< 



K\ U - 
r 



d\n\(u) 



n . n n 



n= — oo 



V{r) 



n= — oo 



n= — oo 



r^e no = [lne]. H3 nonyneHHoro HepaBeHCTBa h cxo,ii;hmocth pa,n;a ( 14 . 9 [) cne,n;yeT, hto 
TpoiiKa (if, p(r), p) yflOBjieTBopaeT ycjioBHio HeflTpajiH3an;HH Hyjia. AHajioraHHo flOKa3bi- 
BaeTca, hto 3Ta TpoflKa ynpBjieTBopaeT ycjioBHio HeflTpajiH3an;HH 6ecKOHeHHocTH. JleMMa 
npKa3aHa. 
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3amemahhe 4.2. Ycaoeue cxoduMocmu pada momcho 3aMeHumt> na 6ojiee 

cuAbHoe ospaHunenue, nompe6oeae, umo6u npu neKomopoM e > cxodujicsi psid 

n= — oo 

TIpu amoM ne eo3HUKaem Heo6xoduMocm r b uccjiedoeamb gjyHKi^wo 7(£). 
PaCCMOTpHM cpyHKinno 



v(z) 







1 In 


1- Z - 




t 



djj{t), 



o 



r^e \x - nojiojKHTejibHaa Mepa Ha nojiyocn (0, oo) H3 Kjiacca QJtoo (p(r)), p = /o(oo) G 
(0,1), h Taxaa, hto HaniicaHHbiii HHTerpaji cxo,n;HTca b Hyne. 3Ta (pyHKinia xoponio 
H3BecTHa b Teopini pocTa cy6rapMOHHHecKHx cpyHKHiift h HBHjracb o6T>eKTOM mhoto- 
HHCJieHHbix Hccjie,n;oBaHHH. B cjiynae, ecjin Mepa p HBjiaeTca peryjiapHoft, cpyHKinia v{z) 
npHHa^jiejKHT cnennajibHOMy Kjiaccy cy6rapMOHHHecKHx cpyHKinni Bnojrae peryjiapHoro 
pocTa (oTHocHTejibHo yTOHHeHHoro nopa,n;Ka p(r)) b cMbicjie JleBHHa-IIcpjiiorepa. B stom 
cjiynae fljia cpyHKHHH v (r) He o6a3aTejibHo cymecTByeT npefleji nacTHoro v(r)/V(r) npn 
r — > oo, ho npn 3tom cymecTByeT npe^eji 

r 

lim — —- / v(t)dt. (4.10) 



r— >oo 



rV(r) 



o 



^OKaaaTejibCTBa BbicKa3aHHbix 3,necb yTBepjKfleHHfi o cpyHKHHH v(z), mojkho Haft™ b 

m 

YTBepjKfleHHe o cymecTBOBamiH npe^ejia ( 14. 10[) fljra cpyHKHHH v (r) He cne,n;yeT H3 flo- 
Ka3aHHbix HaMH TeopeM. ^ajiee 6yn;eT ^OKa3aHa TeopeMa, H3 KOTopoii 6yn;eT cneflOBaTb 
3to yTBepjK^eHHe. CjieflOBaTejibHo, mm nojiyHHM pe3yjibTaT cpaBHHMbift no cnjie c pe- 
3yjibTaTaMH, nojiyHeHHbiMH b TeopHH cy6rapMOHHHecKHx cpyHKHiift, ho cnpaBe,n;jiHBbiMH 
fljia a,nep 3HaHHTejibHO 6ojiee o6ihhx, neM a^po In 1 1 — 1 1 , KOTopoe ynacTByeT b onpe- 
,n;ejieHHH cpyHKHHH v (r). Otmcthm ein;e, hto, KaK noKa3biBaioT TeopeMa 14.21 h ccpopMyjin- 
poBaHHbie cBoflcTBa cpyHKHHH v (r), b enynae pa3pbiBHbix a,n;ep npe^ejibHoe MHoacecTBo 
Fr[p] Mepbi p He onpe^ejiaeT acHMnTOTHHecKoe noBeflemie cpyHKHHH OflHaxo, KaK 
mm yBHflHM flajiee, sto MHOJKecTBo onpe^ejiaeT npeflejibHoe MHoxcecTBo Mepbi s. KaK 
yace OTMenajiocb bo BCTynjieHHH, cpopMynnpyeMaa HH»ce TeopeMa - o,ii;hh H3 raaBHbix 
pe3yjibTaTOB pa6oTbi. 

Teopema 4.8. Ilycm'b p(r) - npou3eojvbHuu ymoHHenHuu nopsidoK, p G 9JT(p(r)). 
nycrrib K(t) - 6opeJieecKafi diyHKU,usi na nojiyocu (0, oo) maKan, umo t p ^{t)K{t) G 
Li(0, oo) (p = p(oo)). Tosda Mepa s, ds(u) = ^{u)du, \1/ - diyHKi^ufi, onpedejineMan 
paeencmeoM (HE) , npunadjieotcum KJiaccy 3Jl(p(r) + 1) u ee npedejibnoe MHoencecmeo 
Fr[p(r) + 1, s] cocmoum U3 a6cojiwmHo nenpepuenux Mep, MHoencecmeo njiorrmocmeu 
Komopux coenadaem c MHoencecmeoM 

v G Fr[p] 
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,U,OKA3ATEJlbCTBO. BHanajie ,n;oKajKeM TeopeMy npn flonojiHirrejit-HOM npe,n;no- 
jiojKeHHH, hto p > 0. IlycTb //(£), pit) - cpyHKuiiii pacnpeflejiemia Mep p h HopMnpo- 
BaHHbie ycjiOBiiaMii p,(0) = p(0) = 0. Tax KaK p G 3Jl(p(r)), to cymecTByeT nocToaHHaa 
Ay Taxaa, hto Ha nojryocii (0, oo) BbinojiHaeTca HepaBeHCTBo |/u|([r, er\) < A{V{r). B 
cjiynae p > OTciofla cne,zryeT, hto 



/*l((0,r])= £ l/iK^-VeV])^^ £ V (e n_1 r) 



y (e n -V) y(t) , , . A 



eft = A 2 



< A 2 



u p ^{u)V{r) 



u 



du = AV{r) 



B npHBefleHHbix oueHKax Hcnojib30Bajiocb HepaBeHCTBo (12 . 1 5h . ^ajiee HMeeM 

eR eR oo 

ft. \ 

d\p\(t)dr 



\s\([R, eR}) = J \${r)\dr< J J 



R 



R 



Kit 



oo eR 



J J K (^j drdp(t) = Jt J -^\K(u)\dudp(t). 

OR * 

eR 



OopMyjia HHTerpiipoBaHHa no nacTaM ^aeT 



{R OO H 

t J -^\K(u)\dup(t)\ -J J -^\K(u)\dup(t)dt 
_*- 
eR S eR 



-R 



K 



p{t)dt + eR 



p{t)dt. 



(4.11) 



(4.12) 



HaM HyjKHo on;eHHTb nojiojKHTejibHbie cjiaraeMbie, Bxoflanpie b npaByio nacTb HepaBeH- 
CTBa (I4.12p . Mm 6yn;eM ncnojib30BaTb HepaBeHCTBo ( I2.15p . SaMenaeM, hto 



1 



— \K{u)\du 



1 



t_ 

R 



U 



t_ 

R 



V(i)J uV(u) 



" KRJ } K(u)\ — —du 



u 



t 

eR 



< 



iv{jt) J \Ru 



eR eR 



V(u) 



u 



du, 



(4.13) 
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r,n;e 7 = max{7(x) : x G [1, e]}. H3 HepaBeHCTBa V(t) < t p ^(t) h yonoBiia t p 1 7(t)K(t) G 
Li(0, 00) cjie,nyeT, hto -^^iT(t) G Li(0, 00). Tenepb H3 HepaBeHCTBa (I4.13P cjie^yeT, hto 
BHeHHTerpajibHbifi HjieH b HepaBeHCTBe ( I4.12p paBeH Hyjiio. 

Ou,eHHBaeM neTBepTbiH HjieH H3 npaBoft nacTH HepaBeHCTBa ( 14.121) . 



eR 









K {ell) 







fi{t)dt < AeR 



K 



t 

eR 



V(t)dt 



= AeR J ^\K(u)\V(eRu)du< AeRV(eR) j u"- 1 'yiu)\K{u)\d 

TeM caMbiM ,n;oKa3aHo, hto npn R > cnpaBefljiHBa oueHKa 

00 

\s\([R,eR])<A [ u p - x i(u)\K(u)\dueRV{eR). 



3to o3HanaeT, hto s G 3Jl(p(r) + 1). 
IlycTb p G $. HMeeM 



00 00 00 00 

-J^ j v (H) *(„) = -±- ) J v (^ j 9{u )du = / / „ (H) if (1) 



00 00 00 00 

rv (r) J J \r J \u J rv (r) J J or \xr J 

00 ' 00 



00 00 

tw)S h K{x) l tLp (£) Mt)dx - 



(4.14) 



H3 npeflbi,nyHj,Hx paccyjKfleHHfi jierxo cne,zryeT, hto Bee HHrerpajibi, BCTpeHaromHecH 
b cpopMyjie (14. 14[) hbjihiotch a6cojHOTHo cxo,h,hiii;hmhch. 3to onpaB,n;biBaeT nepecTaHOBKH 
nopH,a,Ka HHTerpnpoBaHHH, KOTopbie BCTpenajincb npn BbiBo,ne cpopMyjibi ( I4.14p . 

IlycTb Tenepb r n — > 00 Taxaa nocjieflOBaTejibHocTb, hto \x Tn — > v. HMeeM 



1 



lim 

n-s-oo r n V(r T 



tip 



t 



xr r 



00 00 
du(t) = lim / up> ( — ) dfj, r (u) = uip ( — ) du(u). 

n-»oo J \xJ J \XJ 



IlycTb suppy? C [a, b] C (0, 00). CnpaBe,n;jiHBbi oueHKH 



1 



r n V(r n ) 



tip 



xr r 



dji{t) 



< — — r ll<£>||/2(ter n ) < — -, — T—V{bxr r 



y^yrury—*,^ y^ 

< A\\p\\(bxY +1 j(bx) < A\\p\\b p+1 j(b)x p+1 j(x). 
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Mm Bocnojib30BajiHCb oneHKoii j(bx) < 7(6)7(0:). H3 nanyneHHon on,enKH cjie,n;yeT, hto 



1 ;K(x) * , / ^ I — ) d//(t) 



x 2 r n V(r n ) J \xr 


Tenepb 113 TeopeMbi Jle6era o MaatopnpyeMon cxo^hmocth cjie,n;yeT, hto 



00 00 

lim — — — - / —K(x) I tip ( ) du(t)dx 

n^oo r n V{r n ) J x 2 J \xr n J 



00 00 



= J —K(x) J uip ^— j du(u)dx = j ' u J —ip j K(x)dxdu(u) 



00 

00 00 00 00 



= J J K (j) ¥>(t)dtdv(u) = J J K dv{u)<p{t)dt. 
00 00 
IToflCTaBjiHH b paBeHCTBo ( 14.141) t = v n h nepexo^a k npe^ejiy npii n — > 00, nojiynnM 

00 00 00 

lim J ' <p(t)ds rn (t) = J j K (^j dv(u)y(t)dt. 
00 

3to o3HanaeT, hto nocjieflOBaTejibHocTb Mep s Tn aBjiaeTca cxoflamenca, n ee npe^eji 

00 

ecTb a6cojiK)THo HenpepbiBHaa Mepa c njioTHocTbio J K (j) dv(u). 3tiim flOKa3aHo, hto 



MHoacecTBo Fr[s] co^epacHT Bee a6cojiK)THo HenpepbiBHbie Mepbi c njioTHocTaMii BH^a 

00 

/ K (j) dp(u), r^e v e Fr[fi\. 


IlycTb Tenepb v\ - npoH3BOJibHaa Mepa 113 Fr[s] n R n — > 00 Taxaa nocjie,n,OBaTejib- 
HOCTb, hto SR n — > v\. Bo3bMeM b paBeHCTBe ( I4.14p r = R n . He orpaHnnnBaa o6uxhocth, 

mojkho cHHTaTb, hto iiR n — >■ v G -FrfjLt]. Tor,n;a npoBe,n;eHHoe ,n;oKa3aTejibCTBo noKa3biBaeT, 

00 

hto Mepa v\ aBjiaeTca a6cojnoTHo HenpepbiBHon n ee njic-THocTb paBHa f K ( ~J dv(u). 



TeopeMa fljia cnynaa p > ,n,oKa3aHa. 

IlycTb Tenepb p(r) - npoH3BOjibHbiit yTOHHeHHbin nopaflOK, p = p(oo). IlycTb p - 
TaKoe Bem;ecTBeHHoe nncno, hto p\ = p + p > 0. 06o3HannM pi(r) = p(r) + p. Hapa^y c 

paBeHCTBOM 

00 

*(r) =J K (l) <W) 


HMeeT MecTo paBeHCTBo 

00 00 
m x (j.) = rP*(r) = | (;) ^(t) = / Kl (;) 
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r fl e K x (t) = t~ p K(t), dfn(t) = t p dp(t). H M eeM 

^ajiee c noMombio TeopeMbi 13.91 jierxo npoBepHTb, hto rjisi yTOHHemioro nopaflKa pi(r), 
a,n,pa K\ h Mep \i\ 11 si, dsi(t) = ^i(t)dt, BbinojiHaioTca Bee ycjioBHH TeopeMbi 14.81 h, 
KpoMe Toro, BbinojiHaeTca ycjiOBHe p± > 0. IIo ,n,oKa3aHHOMy MHoxcecTBo Fr[si] coctoht 
H3 aGcojiioTHo HenpepbiBHbix Mep, MHoxcecTBo njioTHocTeit kotopmx HMeeT Biifl 



oo 



Tenepb H3 TeopeMbi 13.91 jierxo cjie,ayeT yTBepjKfleHiie TeopeMbi. TeopeMa ,n,oKa3aHa. 
B TeopeMe 14.51 oniicbiBaeTca noBe^eHiie cpyHKHiin 

oo 

tf(r) = J K (lj Mt) (4-15) 

o 

b oKpecTHocTii 6ecKOHeHHocTH b TepMHHax npe,n,ejibHoro MHoxcecTBa Fr[p] Mepbi p. 

Bo3MOJKHOCTII 3TOH TeopeMbi OTpaHHHHBaiOTCH B03MOJKHOCTHMH flOKa3aTb, HTO TpoiiKa 

(K,p(r),n) y,n;oBjieTBopaeT ycjioBiiaM HeitTpajin3aii;iin Hyjia ii 6ecKOHeHHocTH. 

OflHaKO, cymecTByioT ii ^pyriie npenaTCTBHa fljia H3yHeHiia cbohctb cpyHKHiin \I/(r). 
Mm no,n;po6Ho paccMOTpHM cjiynail, Kor,n;a K - (piiHiiTHoe 6ecKOHeHHO ^HcpcpepeHipipye- 
Moe aflpo Ha nojiyocii (0, oo). 3to oneHb cmibHoe orpaHiineHiie Ha a,n;po K. B nacTHOCTH, 
fljia TaKoro a,n;pa K Tponxa (K, p(r), p) ynpBjieTBopaeT ycjioBHaM HeHTpajiroainiH Hyjia 
h 6ecKOHeHHOCTH fljia jno6oro yTOHHeHHoro nopaflKa p(r) h jno6oit pa^oHOBoil Mepbi Ha 
nojiyocH (0, oo). 

LlycTb K - cpHHHTHoe 6ecKOHeHHo flncpcpepeHHiipyeMoe a^po Ha nojiyocn (0,oo), p 
- pa,n,OHOBa Mepa Ha btoh nojiyocn. SaMeTHM, hto GecKOHeHHaa flHcpcpepeHinipyeMocTb 
a^pa K, ero cpHHHTHOCTb h cpopMyjia HHTerpnpoBaHHa no nacTHM no3BOJiaioT HanncaTb 
6ecKOHeHHoe hhcjio paBeHCTB 

oo 

(_!)-+ V +1 #(r) = J K {n+1) (J-j F n (t)dt, n = 0, 1, (4.16) 
o 

r^e Fo(t) = pit) - cpyHKiniH pacnpe,n;ejieHHH Mepbi p, F^ +1 (t) = F n (t), n = 0, 1, .... 

Bonpoc 3aKjnoHaeTC5i b cjie,zryioiii;eM. IIosbojihiot jih paBeHCTBa ( 14.161) h TeopeMa 14.11 
onpe,n;ejiHTb nopaflOK pocTa cpyHKHiin \I/(r) Ha 6ecKOHeHHocTH? KaK mm yBH^HM ^ajiee, 
OTBeT cjieflyroiinni. npe,n;jio:>KeHHbiH MeTOfl bo mhothx cjiynaax no3BOJiaeT onpe,n;ejiHTb 
nopaflOK pocTa cpyHKinni \I/(r) Ha 6ecKOHeHHocTH. OflHaKo, HMeioTca HCKjnoneHHH. 

IlycTb pa,n;oHOBa Mepa p\ Ha nojiyocn (0, oo) cocpeflOToneHa Ha nojiyHHrepBajie (0, 1], 
K - cpHHHTHoe Ha nojiyocn (0, oo) aflpo, 



oo 

u(r) = dmit). 
o 
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Tor,n;a cpyHKHHa u(r) paBHa Hyjiio b HeKOTopofl OKpecTHocTH 6ecKOHenHocTH. IIoaTOMy 

ecjiH Mbi peinaeM sa^any o noBeflemiH cpyHKHHH \I/(r), 3a,n,aBaeMOH paBeHCTBOM ( 14.151) b 

OKpecTHocTH 6ecKOHeHHocTH, to, 6e3 orpaHHHeHHa o6iu,hocth, mojkho cnHTaTb, hto Mepa 

fi b cpopMyjie (I4.15P cocpeflOToneHa Ha nojiyocn (1, oo). 3to ycjioBHe b flajibHennieM mbi 

6yn,eM cnHTaTb BBinojraeHHBiM. B 3tom cjiynae cpyHKinia Fo(t) 6yn;eT orpaHnneHa Ha 

jiio6om HHTepBajie (0, N), a Bee cpyHKinin Fk(t), k > 1, mojkho cnHTaTB HenpepbiBHbiMH 

Ha nojiyocn [0, oo). Bo bchkom cjiynae, mojkho cHnraTb, hto Bee cpyHKinin Fk(t) HBjia- 

K>Tca jioKajiBHo HHTerpnpyeMBiMH Ha nojiyocn (0, oo) h fljra jno6oro k > cymecTByeT 
l 

HHTerpaji j Fk(t)dt. 
o 

IlycTb cpyHKinia f(t) jioKajibHo HHTerpnpyeMa Ha nojiyocn (0, oo) h cymecTByeT 
l 

HHTerpaji j f(t)dt xoth 6bi b Heco6cTBeHHOM cMbicne. OyHKiniio F(t), onpeflejiaeMyio 
o 

oo 

paBeHCTBOM F(t) = — j f(x)dx, ecjiH HanncaHHBin HHTerpaji cxo,ii;htch h paBeHCTBOM 

t 

t 

F(t) = j f(x)dx b npoTHBHOM cjrynae, 6yn,eM Ha3biBaTb kclhohuhcckou nepeoo6pa3Hou 
o 

cpyHKHHH / Ha nojiyocn (0, oo). KaHOHHnecKaa nepBoo6pa3Haa F onpe^ejiaeTca no cpyHK- 
uhh / oflH03HaHHo. ^jih jHo6ofl jioKajibHo HHTerpnpyeMOH cpyHKinin / Ha nojiyocn (0, oo) 
cymecTByeT nepBoo6pa3Haa F, o,a,HaKo KaHOHnnecKaa nepBoo6pa3Haa cymecTByeT He 
Bcer,n;a. HanpHMep, y cpyHKHHH fit) = j HeT KaHOHnnecKOH nepBoo6pa3Hoit Ha nojiyocn 
(0,oo). 

©yHKHHio Fo(t) b cpopMyjie (14.161) o,znio3HaHHo onpe^ejiaeM cjie^yioiniiM o6pa30M. 
Fo(t) — —n((t, oo)), ecjiH Fo(t) KOHenHaa BejinnHHa (HanoMHHM, hto p - pa^oHOBa Mepa 
Ha nojiyocn (0, oo), h noaTOMy BejinnnHa p{E) onpe^ejieHa He ,zljih jnoGoro 6opejieBCKoro 
MHoxcecTBa E C (0, oo)). B hpothbhom cjrynae nojiaraeM, hto F Q (t) = p((0,t]). 3Ta 
BejiHHHHa Bcer,n;a HMeeT cmbicji H3-3a npe,zniojio}KeHHH, hto Mepa p cocpeflOToneHa Ha 
nojiyocn [l,oo). ^ajiee cpyHKuiiio F n+ i(t) onpe^ejiaeM KaK KaHOHHnecKyio nepBoo6pa3- 
Hyio cpyHKHHH F n (t). Tenepb b cpopMyjie ( 14. 16j) nocjie,n;oBaTejibHocTb F n (t) HBjiaeTca 
o,n;H03HaHHo onpeflejieHHoft. 

B pa3,nejie 2 nopaflOK h yTOHHeHHbift nopaflOK onpe,n;ejiHJiHCb ,n;jia nojiojKHTejibHBix 
cpyHKHHH. PacnpocTpaHHM 3th onpe,n;ejieHHH Ha KOMnjieKCH03HaHHbie (pymorHH. 

IlycTb f{t) - KOMnjieKCH03HaHHaa cpyHKinia Ha nojiyocn (0, oo). IlopaflOK p cpyHKHHH 
/ onpe^ejiaeTca no cpopMyjie 

In l/MI 

p = lim 



lnr 

Ecjih p - Beni;ecTBeHHoe hhcjio, to cpyHKinia / Ha3BiBaeTca cpyHKinien KOHeunoeo nopndKa 
P- 

yTOHHeHHBin nopa,npK p(r) 6yneM Ha3BiBaTb ymoHHeHHUM nopndKOM cpyHKinin f(r), 
ecjiH linir^oo y0! = a e (0, oo). Ecjih p(r) - yTOHHeHHBiH nopa^oK cpyHKii;HH /(r), to 
Gy^eM roBopHTb, hto cpyHKinia f(r) pacTeT Ha 6ecKOHenHocTH KaK cpyHKHHH V(r). 

M.3 TeopeMbi 12.21 cjie^yeT, hto ecjiH cpyHKii;HH f(r) HMeeT KOHenHBifi nopa^oK, to y 
Hee ecTB yTOHHeHHBin nopa,n;oK p(r) (kohchho, TaKHx nopa,n;KOB cyni;ecTByeT 6ecKOHenHoe 
hhcjio) . 
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Bo MHorHx sa^anax, b HacTHoc™, b cbh3h c (popMyjioft ( 14. 16j) B03HHKaeT Bonpoc 06 
oueHKax nepBoo6pa3Hoi! F cpyHKHini /. OcTaHOBHMca Ha stom no,npo6Hee. 

JlEMMA 4.5. nycrrib f - jiokcijii>ho unmezpupyeMasi <fiyHKH,ufi kohchhoho nopsid- 

1 

Ka na no/iyocu (0, 00) u manasi, nmo cymecmeyem unmeepa/i J f(t)dt. Tlycmb p(r) - 



ymoHHeHHUu nopadov, qiywKv^uu f , F - KanoHuuecKan nepeoo6pa3Han cfiymmuu f . Tosda 
cymecmeywm nocmosiHHue u r$ manue, nmo 
l)\F{r + ar)-F{r)\<M 1 arV{r), r>r , ae[0,l]; 



2) \F(r) \ <M 2 (l + fV(t)dt) 



r>l; 

00 

3) \F(r)\ <M 3 J V(t)dt, r > 1; 

r 

4) \F(r) \ < M 4 rV(r), r > 1, ecjiu p = p(oo) ^ -1; 

5) nopndKu p(f), p(F) gjynKi^uu f u F ydoejiemeopnwm Hepaeencmey p(F) < p(f) + 1. 

00 

SaMeTiiM, hto ecjiH HHTerpaji J V(t)dt pacxofliiTca, to HepaBeHCTBo 3) ecTb tphbh- 

1 

ajibHoe HepaBeHCTBo < 00. 

,HpKA3 ATEJIbCTBO . IlycTb a - thii cpyHKHHH / OTHOCHTejibHO yTOHHeHHoro no- 
pa,n;Ka p(r). Tor,n;a ,ii;jih Bcex ^ocTaTOHHO Gojibinnx r h a G [0,1] 6ynyT BbinojiHHTbca 

COOTHOHieHHH 



\F(r + ar) — F(r) 



(l+a)r 



f(t)dt 



< 2a 



(l+a)r l+a 

V(t)dt = 2ar J V(ur)du 
1 



l+a 

< 2arV(r) J u p "f(u)du < 2ajiarV(r), 
'1 

r,n;e 71 = max{u p 7(u) : u G [1, 2]}. TeM caMbiM yTBepjKfleHHe 1) flOKa3aHo. YTBepjKfleHHH 
2)-4) jierxo cjie,n;yioT H3 yTBepjKfleHHH 1) h cbohctb yTOHHeHHoro nopa^Ka. ^eficTBH- 
TejibHo, npoBepHM, HanpnMep, yTBepjKfleHHe 2). IlycTb r > 2r$. OnpeflejiHM hhcjio uq 
H3 ycjioBHH 2~ n °r G [tq, 2tq). 06o3HanHM n = 2 _n °r. HMeeM 



\F(r) 



no 



F( ri ) + J2( F ( 2nr i) " F ( 2n " lr i)) 



n=l 



2™n 

no no „ 

<\F(r 1 )\+M 1 J2 2n ~ lr iV (2 n ~ 1 r 1 ) = \F(r 1 )\+M 1 J2 / V (2 n - 1 r 1 ) 

n=l n=1 2™-in 

2™n r 

<\F(n)\ + M 5 J2 J V{t)dt = \F( ri )\ + M s J V(t)dt. 



dt 
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H3 nojiyneHHoro HepaBeHCTBa cjie^yeT yTBepjK,n;eHHe 2). HepaBeHCTBo p(F) < p(f) + 1 
jierKo cjie,nyeT H3 yTBepjKflemia 4), ecjni p ^ — 1, h yTBepjK^eHHH 2), eonii p = — 1. 
JleMMa ,n,oKa3aHa. 

JleMMa 14.51 cnyaoiT MOTHBauHeii fljia BBe^eHHa cne,n;yioiHero onpe^ejieHHa. 

IlycTb f(r) - jioKajibHo HHTerpnpyeMaa cpyHKinia KOHeHHoro nopa^Ka Ha nonyocn 

l 

(0, oo), cymecTByeT HHTerpaji J f(t)dt h F(r) - KaHOHHHecKaa nepBoo6pa3Haa cpyHKHHH 

o 

/ Ha nonyocn (0, oo). 

yTOHHeHHbiH nopa,n;oK p(r) cpyHKHHH / Ha3biBaeTca ycmouHueuM ymoHHeHHUM no- 
pndKOM cpyHKHHH /, ecjin p = p(oo) — 1 H 

\F(r)\ 

lim LAJI > o. 

r— >-oo TV (r) 

SaMeTHM, hto cpyHKHHH cos r, sinr, e ir He HMeioT ycToftHHBoro yTOHHeHHoro nopa^Ka. 



Teopema 4.9. nycrrib f(r) - JionajibHo unmezpupyeMasi tfiyHKi^usi KOHeunoeo 

l 

nopsidna na no/iyocu (0, oo), cymecmeyem unmezpaji J f(t)dt u F{r) - KanoHunecKaH 

o 

nepeoo6pa3Han tpyuKv^uu f na no/iyocu (0, oo). TIycrm> p(r), p(oo) ^ — 1, —2,... - ycmou- 
Hueuu ymoHu'dnnuu nopsidoK tpyHKi^uu f . Tozda ymoHHeHHuil nopndoK p{r) + 1 6ydem 
ycmouHueuM ymoHHeHHUM nopndKOM <f>yHKH,uu F. 

^OKASATEJIbCTBO. M.3 onpe^ejieHHa ycTOHHHBoro yTOHHeHHoro nopa^Ka h yTBep- 
jK,n;eHHa 4) jieMMbi 14.51 cjie,zryeT, hto yTOHHeHHbifi nopa,n;oK p(r) + 1 6yneT yTOHHeHHbiM 
nopa^KOM cpyHKHHH F. OcTajiocb ^,OKa3aTb, hto sto ycTOHHHBbiit yTOHHeHHbitt nopa,n;oK 
cpyHKHHH F. Ecjih 3to He Tax, to, KaK cjie^yeT H3 jieMMbi 14751 h onpe,n;ejieHHH ycToilHHBoro 
yTOHHeHHoro nopaflKa, HMeeT Meero paBeHCTBo 



F x {r) 



lim ., 
r— >-oo r V(r) 



0, 



(4.17) 



r^e F\(r) - KaHOHHHecKaa nepBoo6pa3Haa cpyHKHHH F(r) Ha nojiyocn (0, oo). 

IIpeflnojiojKHM BHanajie, hto BbinojmaeTca HepaBeHCTBo p(oo) > —2. IIoKajKeM, hto 

oo 

b 3tom cjiynae HHTerpaji J F(t)dt pacxo^HTca. Tax KaK p(r) + 1 - yTOHHeHHbiil nopaflOK 

r 

CpyHKHHH F . TO MOJKHO CHHTaTb, HTO CymeCTByiOT HHCJIO 171 > H nOCJieflOBaTejIbHOCTb 

r n — > oo TaKHe, hto dt,F(r n ) > 2mr n V(r n ). 3Toro mojkho ^o6HTbca, 3aMeHaa b cjiynae 
Heo6xoflHMocTH cpyHKinno / Ha — / hjih Ha ±if. H3 yTBepjK,n,eHHa 1) jieMMbi 14751 cjienyeT. 
hto cymecTByeT «o > TaKoe, hto fljia Bcex ^ocTaTOHHo 6ojibniHx n h ^jih Bcex re [r n , 
(1 + ao)r n ] 6y,n;eT BbinojiHHTbca HepaBeHCTBo $lF(r) > mr n V(r n ). Tor,n,a 



(l+ao)r r , 



F(t)dt 



> 



(l+a )r' r , 



KF(t)dt 



(l+a )r r , 



&F(t)dt > ma rlV(r r 
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Tax KaK lim r 2 V(r) = oo, to no KpnTepino Koiiih HHTerpaji f F(t)dt pacxo,nHTca. 

r— >oo r 

IIosTOMy, coraacHo onpe^ejieHHio KaHOHiinecKofi nepBoo6pa3Hofi, paBeHCTBo ( I4.17P iiMeeT 

r 

lim — \— [ F(t)dt = 0. (4.18) 
r^-oo r z V (r) J 
o 

©yHKUiia g(r) Ha3biBaeTca Med/ieHHO Mensiyotneucsi OTHOcirrejibHO yTOHHeHHoro no- 
paflKa p(r), ecjin 

g(r + ar) - g(r) 
V(r) 



r — ► oo 

Q->0 



M.3 yTBepjK,n;eHHH 1) jieMMbi H~5l cneayeT. hto cpyHKirna F(r) aBjiaeTca Me^jieHHo MeHaio- 
meftca oTHocHTejibHO yTOHHeHHoro nopa^Ka p(r) + 1. 

Cjie,n;cTBHeM TeopeMbi 2 |19j aBjiaeTca cne^iyioiiiee yTBepjKfleHHe. 

IlycTb cpyHKirna g aBjiaeTca MeflJiemro MeHaromeftca OTHocHTejibHO yTOHHeimoro no- 
pa,n;Ka p(r), npuneM p(oo) > — 1. Tor,n,a, ecru 



r 

lim / g(t)dt = a, 

r— >-oo TV (r) J 



TO 

lim ^ = a (p+l) 



r— >oo 



Cjie,n;cTBHeM ccppMyjinpoBaHHoro yTBepjKfleHHa h paBeHCTBa ( 14.171) aBjiaeTca paBeH- 

CTBO 

Fir) 

lim -XI =0. (4.19) 

r^-oo rv (r) 

3to npoTHBopeniiT TOMy, hto p(r) - ycTOHHHBbiit yTOHHemrbift nopa,n,OK (pyHKirnii /. 

TaxiiM o6pa30M paBeHCTBo (I4.17P Be,n;eT k npoTHBopeHHio, h TeopeMa ,n;oKa3aHa fljia 
cjiynaa, Kor^a p(oo) > —2. IIpeflnojiojKHM Tenepb, hto p(oo) < —2. B stom cjiynae 
paBeHCTBo (14.171) 3aniicbiBaeTca b BH,ne 

oo 

lim [ F(t)dt = 0. 

r^oo r V It ) J 

r 

Tenepb flonojiHHTejibHoe yTBepacfleHne fljia o6ocHOBaHHa paBeHCTBa 04.19I) Bbirjia^HT 
Tax. 

IlycTb cpyHKirna g aBjiaeTca Me^jieHHo MeHaromeftca cpyHKirneft OTHocHTejibHO yTon- 
HeHHoro nopa^Ka p(r), npimeM p(oo) < —1. Tor,n;a, ecjm 



oo 

lim / g(t)dt = a, 

r— >-oo TV (r) J 
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TO 



lim \rt \ 



-a(p + l) 



3to yTBepacfleHHe Taxace cjie,n;yeT H3 pe3yjibTaTOB pa6oTbi |19j . TeM caMbiM mm ,n,o- 
Ka3ajin, hto ii b cjiynae p(oo) < —2 113 paBeHCTBa ( 14.17D cjie^yeT paBeHCTBo ( 14. 19j) . 
KOTopoe npoTiiBopeHHT ycjioBiiaM TeopeMbi. TaKHM o6pa30M, npeflnojiojKeHHe o tom, hto 
p(r) + 1 He HBjiaeTca ycTOHHHBbiM yTOHHeHHbiM nopaflKOM cpyHKHiiH F(r), npiiBOfliiT k 
npoTiiBopeHHio. TeopeMa ^oKa3aHa. 

^OKasaHHaa TeopeMa ^ocTaTOHHo cBoeo6pa3Ha. Ee mojkho TpaKTOBaTb, KaK Teope- 
My o cTa6miii3an;HH cBoiicTBa cpyHKinni iiMeTb ycTOHHHBbiii yTOHHeHHbiii nopaflOK npH 
nocjie,n;oBaTejibHOM iiHTerpiipoBaHHii. IlycTb Fk(r) - nocjieflOBaTejibHbie KaHOHiinecKiie 
nepBoo6pa3Hbie Ha nojiyocn (0, 00) cpyHKiniH f(r). H3 ,n,oKa3aHHOH TeopeMbi cjie^yeT, hto 
ecjiH cpyHKinia Fk(r) HMeeT ycTOHHHBbift yTOHHeHHbift nopaflOK pk(r) h ecjin pfc(oo) He 
HBjiaeTca uejibiM cTporo oTpHHarejibHbiM hhcjiom, to pjisi jno6oro m > 1 yTOHHeHHbifl 
nopa^oK pk(?) + m 6yn,eT ycTOHHHBbiM yTOHHeHHbiM nopHflKOM cpyHKiriiH Fk +m (r). 

Teopema 4.10. IJycmt) f - jioKajiwo unmepzupyeMan, c^yHKi^un kohchhozo no- 

1 

pndna na ncuiyocu (0, 00) u cyu^ecmeyem unmeepaA J f(t)dt. IIycmt> cf3y i HKV ) usi f ne ujue- 



em ycmounueozo ymoHHeHHoso nopndKa u nycmt> p(r) - ymoHu'dnnuu nopndoK d)yHK%uu 
f, npuntM p(oo) 7^ —1. nycmb X - Mepa c njiomHocm'bK) f(t). Tozda X G 9Jloo(p(r) + 1), 
Fr[p(r) + l,X} = {0}. 

,HpKA3 ATEJTbCTBO . H3 toto, hto p(r) HBjiaeTca yTOHHeHHbiM nopa,n,KOM cpyHKHiiH 
f(r), cjie^yeT, hto A G 93T 0O (p(r) + l). IlycTb F - KaHOHHHecKaa nepBoo6pa3Haa cpyHKiniH 
/ Ha nojiyocn (0, 00). Tax KaK cpyHKHiia / He HMeeT ycTOHHHBoro yTOHHeHHoro nopaflKa, 

TO 

F(r) 

lim — LI = 0. (4.20) 

r— >-oo TV (r) 

IlycTb if - npoH3BOJibHaa cpHHHTHaa 6ecKOHenHo ^HcpcpepeHHiipyeMaa cpyHKHiia Ha 
nojiyocn (0, 00) h nycTb supp<p C [a, b] C (0, 00). HMeeM 



rV(7) I * {I) dKt) ~ W^j 




r [ - ) f(t)dt 



oo 

1 r ip' (- ) F(t)dt 



r 2 V(r) 







rV(r) 



ip'(u)F(ur)du. 



H3 nojiyneHHoro paBeHCTBa h (I4.20p cjie^yeT, hto 

00 

lim — L- / (p (-) dX(t) = 0. 
r->oo rv (r) J \f / 



(4.21) 



IlycTb Tenepb v - npoH3BOJibHaa Mepa H3 MHOJKecTBa Fr[A]. CymecTByeT nocjie,n,o- 
BaTejibHOCTb r n — > 00 TaKaa, hto X Tn — > v. B33B b paBeHCTBe ( 14.211) r = r n , nojiynHM, 
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hto J ip(u)du(u) = 0. IIosTOMy no TeopeMe 13.71 v = 0, a 3HaHHT Fr[X] = {0}. TeopeMa 
o 

,n,oKa3aHa. 

Teopema 4.11. nycrrib f - Jiona/ibHo unmezpupyeMan, gjyHKi^un kohchhozo no- 

l 

ptidna na nojiyocu (0, oo), cyu^ecmeyem unmezpaji J f(t)dt u F - KanoHunecKan nepeo- 

o 

o6pa3Hasi gjyHKt^usi f na no/iyocu (0, oo) . Tlycmt, diynKt^usi f ne UMeem ycmounueozo 
ymoHHeHHoeo nopndKa, a p(r) - ymoHu'dnnuu nopndoK cfiy-HKi^uu f , npuneM p(oo) ^ — 1. 
Tosda, ec/iu nopndoK F ne paeen —oo, mo cymecmeyem ymouHeHHuu nopsidoK pi(r) 
amou diyHKi^uu maKou, nmo 

VAr) 
lim -4^4 = 0. 



T — ^OO 



rV(r) 



^OKASATEJlbCTBO. YTBepjKfleHHe oHeBHflHo, ecjin nopa,n,oK cpyHKHHH F ynpBjieTBO- 
paeT HepaBeHCTBy pi < p(oo) + 1. ITosTOMy 6yn;eM cnHraTb, hto pi = p(oo) + 1. Tax kbr 
(pyHKinia / He HMeeT ycTOHHHBoro yTOHHeHHoro nopaflKa, to BbinojmaeTca paBeHCTBO 
( I4.20p . H3 3Toro n TeopeMbi 5 [9 J cjie^ryeT, hto cymecTByeT yTOHHeHHbin nopaflOK p2(r) 
TaKoii, hto BbinojraaioTca paBeHCTBa 

F(r) Vo(r) 
lim -±l = 0, lim J£U = 0. 

OyHKniia Fi(r) = y^ir) aBjiaeTca cpyHKniieii HyjieBoro nopa,n;Ka, HMeromen HyjieBoft 
npe,n;eji Ha 6ecKOHenHocTH. IIo TeopeMe I2.1l y Hee ecTb yTOHHeHHbiii nopaflOK pz(r), koto- 
pbiii B03pacTaeT Ha nojiyocn (1, 00), npnneM ps(oo) = (cjiynaft ps(r) = He HCKjuona- 
eTca). Tor,n;a yTOHHeHHbm nopa,n;oK pi(r) = P2( r ) + P2>{ r ) Sy^eT yTOHHeHHbiM nopa,n,KOM 
cpyHKHHH F{r). HMeeM 

lim vW) =a 

r— >-oo fy If J 

TaKHM o6pa30M pi(r) - bto hckommh yTOHHeHHbifi nopa^oK. TeopeMa ,n,oKa3aHa. 

Tenepb B03BpaTHMca k Bonpocy 06 onpe,n;ejieHHH nopa^Ka pocTa cpyHKniin \I/(r), 
onpeflejiaeMoit paBeHCTBOM (I4.15p . Ecjih p G VJloo (/°( r )) 5 TO no TeopeMe 14.11 MHoacecTBo 
L( J, 00) HMeeT BHfl 



{00 
J K{u)dv{u) : v G Fr[p] 



Ecjih L( J, 00) 7^ {0}, to cpyHKuna \1/ pacTeT Ha 6ecKOHeHHocTH kbk cpyHKniia V(r). Ecjih 
ace L(J, 00) = {0}, to mm HMeeM cooTHOHiemie \l/(r) = o(V(r)), KOTopoe He onpe^ejiaeT 
nopa^oK pocTa (pyHKi^HH ^(r) Ha 6ecKOHeHHOCTH. 

PaBeHCTBO L(J, OO) = {0} MOJKeT BbinOJIHHTbCa no pa3JIHHHbIM npHHHHaM. PaCCMOT- 

pHM BHanajie cjiynafl, Kor,n;a Fr[p] 7^ {0}, o^HaKo a^po K TaxoBo, hto fljia jho6oh Mepbi 

00 

v G Fr[p] BbinojiHaeTca paBeHCTBO J K(u)dv(u) = 0. Mm HMeeM cjiynait, Kor,n;a Teo- 



peMa I4TT1 He no3BOJiaeT onpe,n;ejiHTb nopa,n;oK pocTa <pyHKii;HH \l/(r) Ha 6ecKOHeHHOCTH. 
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oo 

HanpHMep, bosmojkbh BapnaHT Fr[p] = {u p ~ 1 du}, J K(u)u p ~ 1 du = 0. B btom cnynae 

o 

He TOJibKo Hani MeTOfl He ^aeT oTBeTa Ha Bonpoc o nopa,n;Ke pocTa cpyHKiniH ty(r) Ha 
GecKOHeHHocTH, ho Boo6me HMeiomeHca HHcpopManiiH o a,npe K h Mepe \i (mm 3HaeM, 

oo 

HTO BbinOJIHHeTCH COOTHOHieHHe J K(u)du(u) = flJIH V G Fr[fl\) HeflOCTaTOHHO flJIH 



onpe,n;ejieHHH nopa,n,Ka pocTa cpyHKiniH \& Ha 6ecKOHeHHocTH. B stom cnynae pjm onpe- 
flejieHHH nopaflKa pocTa cpyHKiniH \1/ HyjKHa flonojiHHTejibHaa HHcpopMainia h cnojiaiocTb 
3a^aHH no onpeflejieHHio nopHflKa pocTa cpyHKiniH \& 3aBncnT ot 3toh HHcpopMauiiH. B 
nacTHOM cjiynae dp,(t) = t p ~ 1 dt HMeeM \I/(r) = 0. 

PaccMOTpnM Tenepb cjiynafl Fr\p] = {0}. B stom cnynae paBeHCTBa ( I4.16P mojkho 
ncnojib30BaTb ,h;jih yjiynnieHHH ohchkh \I/(r) = o(V(r)). 

IlycTb cpyHKiniH F m (t) HMeeT yTOHHeHHMH nopHflOK Pm(j")- Tor,n,a Mepa A m , d\ m {t) — 
F m (t)dt npHHa,n;jiejKHT Kjiaccy QHoo (/o m (r) + 1)- 06o3HannM 

{oo 
J K^ m+1 \u)dv{u) : u e Fr[p m (r) + 1, A m ] 


no TeopeMe 14.11 npeaejibHoe MHoxcecTBo cpyHKiniH (— l) m+1 r m+1 ^ (r) / rV m (r) no HanpaB- 
jieHHio r — > oo coBna,n;aeT c H m . Ecjih H m ^ {0}, to nojiynnM, hto cpyHKiniH \&(r) pacTer 
Ha GecKOHenHocTH Kax cpyHKiniH V ™rn' . Ecjih ace H m = {0}, to nojiynaeM cooTHomeHHe 

*(r) = o(^#). 

Ecjih H m = {0}, Fr[X m ] ^ {0}, to BHOBb nojiynaeM cjiynaii, Kor,n;a TeopeMa 14.11 He 
,n;aeT OTBeTa Ha Bonpoc o nopaflKe pocTa cpyHKiniH \l/(r) Ha 6ecKOHeHHocTH. 

npe,n;nojioJKHM Tenepb, hto cpyHKinia F m (r) He HMeeT ycTonnnBoro yTOHHetnioro no- 
pa,n,Ka. B 3tom cjiynae npnMeHemie TeopeM [4.11 n I4TT01 k cpyHKiniH F m+ i(r) n yTOHHeH- 
HOMy nopa^Ky p m {r) + 1 flaer, hto 

•w = .(^)- 

H3 TeopeMM 14.111 cjie^yeT, hto cymecTByeT yTOHHeHHbin nopa^oK p m+ i(r) cpyHK- 
iniH F m+ i(r) Taxon, hto V m+ i(r) = o(rV m (r)). npnMeHemie TeopeMM 14.11 k 
cpyHKiniH F m+ i(r) n yTOHHeHHOMy nopa,n;Ky p m+ i(r) flaer cooTHomeHHe \&(r) = 
0(r~ m ~ 1 V m+ i(r)), KOTopoe cnjibHee cooTHonieHHa \I/(r) = o(r~ m V m (r)). 

06o3HaHHM nepe3 p n nopa,n;oK cpyHKnnn F n (r). CnpaBefljiHBa cjie,nyioHi,aH TeopeMa. 

Teopema 4.12. llycmt) K(t) - diuHumnoe 6ecKOHeuHO dudjdjepeni^upyeMoe sidpo, 
\x - padonoea Mepa KOHeunoeo nopadKa na nojiyocu (0, 00) we Hazpyotcawv^asi nojiyun- 
mepeaA (0, 1]. llycmt) qiyHKV^usi ^>{r) onpedeAnemcsi paeencmeoM l[4.15{ ), a e paeencmee 
!!l4-16\ ) d)yHKn,uu F n (t) odHosnauno onpedejienu c noMovubw npedAocHceHHoeo panee ajizo- 
pumMa. Tlycmb p n - nopndoK cfiyHKi^uu F n . Ecjiu 

lim (p m - m) = -00, 

m— >oo 

mo qiyHKV^un, \l/(r) y6ueaem na 6ecKOHeHHOcmu 6ucmpee jik>6ou cmenenu r. 
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^OKAS ate JlbCTBO . TeopeMa 14.11 npHMeHemiaH k cpyHKHiiH F m (r) h yroHHeHHOMy 
nopa^Ky p m {r), #aeT 

VL3 3Toro cjie,n;yeT yTBepjKfleHHe TeopeMbi. TeopeMa ,n,oKa3aHa. 

Bo3MOJKeH cjiynafi, hto rjih HexoToporo n BbinojiHaeTca paBeHCTBo p n = — oo (Hanpii- 
Mep, ecjiH dp(t) = te ie dt). B stom cnynae H3 paBeHCTBa (14. 16j) h TeopeMbi 14.11 cneayeT. 
hto (pyHKi^Ha \I/(r) yGbiBaeT Ha 6ecKOHeHHocTH 6bicTpee jiio6oh cTeneHH r. 

PaccMOTpHM Tenepb cjiynatt, Kor^a BbinojiHaeTca HepaBeHCTBo 

lim (p m —m)> -oo. (4.22) 



n ' 



Ife HepaBeHCTBa p n +i < Pn+1, flOKasaHHoro b jieMMe l4"75} cjie,nyeT, hto p^+i = p n + l—e 

oo 

r,n;e £ n > 0. H3 HepaBeHCTBa ( I4.22[) cjie,nyeT, hto pa,n; ^ e n cxo^HTca. H3 3Toro, b 

n=0 

cbok) onepe^b, cjie,nyeT cxo,n;HMOCTb nocjie,n;oBaTejibHocTH p n — n. B stom cnynae HMeeM 
p n = n + p + 5 n , r,ne 5 n — > 0, p n > npii n > no- Ecjih cymecTByeT m > no Taxoe, hto 
(pyHKi^Ha F m {r) HMeeT ycTOHHHBbift yTOHHeHHbifi nopaflOK p m (r), to H3 TeopeMbi 14 . 9 1 cne- 
flyeT, hto fljia jiio6oro k > cpyHKHiia .F m _|_fc(r) 6yneT HMeTb ycTofiHHBbiH yTOHHeHHbifi 
nopa,n,oK pm+kir) = p m (r) + /c. B stom cjiynae mm nojiyHHM, hto jih6o cpyHKuna \&(r) 
pacTCT Ha GecKOHeHHOCTH KaK cpyHKHiia , ecjiH i? m 7^ {0}, jih6o, ecjiH i? m = {0}, 

to KpoMe cooTHonieHHa \l/(r) = o (^^^-J npe,n,jio5KeHHbiH MeTo,n; HHnero He ,n;aeT. 

Ecjih »ce ,ti;jih jiioGoro m > uq cpyHKuna F m (r) He HMeeT ycTOHHHBoro yTOHHemioro 
nopa,n,Ka, to b 3tom cjiynae, KaK sto cjie,n;yeT H3 TeopeMbi I4.11[ yTOHHemibie nopafl- 

KH Pm{f) (pyHKHHH F m (r) MOJKHO Bbl6paTb TaKHM 06pa30M, HTO COOTHOHieHHe \I/(r) = 

o ^ V ™™+i' > j 6y,n;eT yTOHHHTb npeflbmymee \I/(r) = o ( J ■ Hnnero 6ojibniero b stom 

cjiynae npe,zi;jio:>KeHHbiH MeTOfl He ^aeT. 

Mbi oGcyznijiH bo3mojkhocth MeTo^a fljia cnynaa cpHHHTHoro 6ecKOHeHHo flHcpcpepeH- 
HiipyeMoro a,upa K. Ltpn onpe,n;ejieHHbix ycjiOBHax sth pe3yjibTaTbi mojkho pacnpocTpa- 

HHTb Ha HetpHHHTHbie Hflpa. 

B TeopeMe 14.51 Tpe6yeTca. hto6m TpoflKa (K, p(r), p) yupBjieTBopajia ycjioBHHM Heil- 
TpajiH3au;HH Hyjia h GecKOHeHHocTH. Cyni;ecTByioT TeopeMbi 06 acHMnroTHHecKOM no- 
Be,n;eHHH cpyHKii^HH \1/ h ,a;jia cjiynaeB, Kor^a sto ycjioBHe HapyniaeTca. 

Teopema 4.13. nycmt p{r) - nyjieeou ymoHHeHHuu nopndoK, p G 97t(p(r)), npu- 
HtM cyvu^ecmeyem npedaa lim p([e, 1]) = p((0, 1]). IJycmt> K(t) - Henpepuenasi d)yHK- 

£—►0 

^m^i wa nojiyocu [0, 00), i^i(t) = -f^(i) — -^(0)x[o,i](i) KpoMe moso, nycmt> mpouKa 
(K±, p(r), p) ydoejiemeopnem ycjioeuHM Heumpajiu3au ) uu nyjwi u 6ecKOHeHHOcmu. Tosda 
eunoAHfiemcfi coomnomeHue 



00 

/ K (I) Mt) = K 



(0)//((0, r]) + ^(r) 
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npuH&M npedeAhuoe MHOWcecmeo (pyHKV^uu |r^y no HanpaeJienum r — > oo UMeem eud 

1 oo 

J (K{t) - K(0)) dPxit) + J K(t)du 2 (t) : K ^2) e Mfi) I . 

,I],OKA3 ATE JIbCTBO . HMeeM 

00 00 

J x(?)dp{t)=K{Q)p{[Q,r}) + J K x (?) dp(t). 


^jih cpyHKuiiii K\ h Mepti p BbinojiHaioTca Bee ycjioBiia TeopeMbi 14.61 npiiMeHeHiie 
KOTopoil 3aKaHHHBaeT ,n;oKa3aTejibCTBo. TeopeMa ,n;oKa3aHa. 

Bo MHoriix TeopeMax b KanecTBe hcxo^hoh nocbiJiKH BbicTynaeT cooTHonieHiie 

00 

tf(r)= / K\?\dii{t)~MV{r), r 00. (4.23) 





Ilpn onpe,n;ejieHHbix orpaHHHeHHax Ha cpyHKUHio K 11 Mepy \i (pyHKi^iia \l/(r) HMeeT BHfl 
\I/(r) = r Pl ( r \ rp<d pi(r) - yTOHHeHHbifi nopaflOK. 

Teopema 4.14. llycmt) p(r) - ny/ieeou ymoHHenHuu nopndoK, p - nojiootcu- 
meAbHasi jiona/ibHo KoneHHaa Mepa na no/iyocu (0, 00), K(t) - nenpepueno dud)d)e- 
peHV,upyeMan cmpoeo y6ueaK>ui ) an iiyuKv^usi na nojiyocu (0, 00) u manaM, umo mpou- 
Ka (tK'(t), p(t), n) ydoejiemeopnem yc/ioeusiM Heumpajiu3av ) uu ny/in u 6ecKOHeHHOcmu. 
ITycmb eunoAHHemcsi coomnomeHue j4-2^ u nycmt> npou3eodnan \P'(r) euHua/uiemcsi 
no npaeujiy JIeu6nwufl, 



00 

nr) = ~yj tK> (?) dp(t). 



Todda, ecjiu (fiynKi^uK) pi(r) onpedejiumh paeencmeaMU r Pl ^ = \I/(r) npu r > 1, p\ (-) 
= —pi(r), mo pi(r) - nyAeeou ymounennuu nopndoK. 

,ZIpKA3ATEJTbCTBO. HanoMHHM, hto paBeHCTBo pi (i) = — pi(r) bxo,ii;ht b Hanie 
onpe,n;ejieHHe HyjieBoro yTOHHeHHoro nopa^Ka. HMeeM 



00 

¥(2r)-*(r) = / ( K (i) ~ K fy) 



dp(t) 



> J (K^-K^^dp^ympiir^r}), (4.24) 

r 

vj\e m = minji^ (-|) — K{u) : w£ [1,2]} > 0. H3 3Toro HepaBeHCTBa h cooTHOineHiia 
( 14. 23[) cjie,nyeT, hto Fr[p(r),p] = {0}. 
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Tenepb 113 ycnoBnii TeopeMbi n TeopeMbi 14.51 cjie,n;yeT, hto 

lim —V = 0, lim —V = 0. 

Ecjih Tenepb pi(r) - cpyHKnna H3 cpopMyjiiipc-BKii TeopeMbi, to h3 flOKa3aHHoro cne- 
flyeT, hto pi (r) - HyjieBon yTOHHeHHbin nopa,n;oK. TeopeMa ,n;oKa3aHa. 

3amemahhe 4.3. PaccMompuM meopeMy 108 U3 khusu Xapdu JBj- B neu ym- 
eepMcdaemcfi, umo ecjiu p(r) - ny/ieeou ymoHHeHHuil nopndoK, a p - noJiocHcumejibHaa 
jioKa/ibHO KOHeunasi uepa na no/iyocu [0, 00), mo coomnomeHUH 



*(r) = e ~dp(t) ~V(r), //([0, r]) ~ V(r) (r ->■ 00) 



3K6ueajieHmnu. 

IIocMOTpHM, hto ,naeT b paccMaTpHBaeMOM cjiynae npnMeHeHne ,n,oKa3aHHbix HaMii 
TeopeM. 

H3 TeopeMbi 14. 14l cjiejyeT. hto cpyHKnna \I/(r) npe,n;cTaBjiaeTca b BHfle \I/(r) = r Pl ^ = 
Vi(r), r,ne pi(r) - HyjieBoit yTOHHeHHbin nopa,n,oK. CymecTByeT HyjieBon yTOHHeHHbin no- 
paflOK P2{t) TaKoft, hto BbinojiHaioTca cooTHOinemia 

— Vj(2r)-Vj(r) Va(r) . 

km r— < 00, km — — = 0. 

B KanecTBe P2(r) nponie Bcero B3aTb cpyHKinno, onpe,n;ejiaeMyio paBeHCTBOM r P2 ^ = 
Vi(2r) — Vi(r), ecjiii Taxaa cpyHKnna aBjiaeTca yTOHHeHHbiM nopa,n;KOM. 
HMeeM 



Vi(2r) - Vy{r) = J (l - e~^j dp{t) 



2r 



> J (l - e~^) dp(t) > e _1 (l - e~*)/x((r,2r]). 

r 

H3 3Toro HepaBeHCTBa cjie,nyeT, hto p G 07too(p2(?~))- Tenepb, npnMeHaa TeopeMy 14.61 ko 
BTopoMy cjiaraeMOMy H3 npaBofi nacTn HHJKecjie^ioinero paBeHCTBa 

00 

*(r) = /x([0,r])+ / (e~$ -xio,r)(t))dfi(t), 



nOJiyHHM, HTO 

p([0 ir }) = <f(r)+O(V 2 (r)). 
3to cnjibHee neM TeopeMa 108. 



59 



5 TayGepoBbi TeopeMbi rjisi HHTerpajiOB 

HaHHeM co cjie,zryioiii;ero onpe,nejieHHa. 
IlycTb \i - pa^oHOBa Mepa Ha BemecTBeHHOH och, yflOBjieTBoparomaa ycnoBHio 
t,t]) < M(l + t a ) c HeKOTopbiM a > 0. TIpeo6pa306aHueM KapjieMana Mepbi \i 
Ha3biBaeTca napa cpyHKniift G(z) = (G + (z), G-(z)), r,ne 



CO i 

G+(z)= J e itz dfi(t), ^>0, 



o 





G-(z) = - J e Uz d/j(t), Sz < 0. 



— oo 



LQtphxh Ha,n; 3HaKaMii HHTerpajiOB o3HanaioT, hto HHTerpnpoBaHHe no nojiyocaM 
[0, oo), (—oo,0] Be,n;eTca He no Mepe //, a no Mepe \i — ^/i({0})5, r,ne 5 - Mepa ^npa- 
Ka (eflHHHHHaa Mepa, cocpeflOToneHHaa b Hyjie). B cjiynae, ecjin /i({0}) = 0, niTpnxn 
mojkho onycTHTb. 

OneBHflHo, hto G(z) - jioKajibHo rojioMopcpHaa cpyHKnna Ha MHoxcecTBe C \ R (C - 
KOMnjieKCHaa njiocKocTb, R - BenjecTBeHHaa ocb). 

Hanie H3Jio»ceHHe Tay6epoBbix TeopeM bo MHoroM onnpaeTca Ha cjie^ronryio TeopeMy 

06 aHajIHTHHeCKOM npOflOJIJKeHHH. 

TEOPEMA 5.1. IJycrri'b M > - cfiuKcupoecmnoe uucjio, [i - padonoea Mepa na 
eeu^ecmeeHnou ocu mama, umo ([a, j3\) < M, ecjiu f3 — a < 1. IJycrri'b 6opejieecKafi 

^ oo 

goyHKi^uH K{t) npunadAeotcum K/iaccy L\ (—00,00) u K{\) = J K(t)e~ lXt dt 7^ npu 

—00 

A G (a, b) . lJycmb 



1 



K(t-u)d/j,(t) = 0, uE (-00,00), (5.1) 



G(z) = (G+(z),G-(z)) - npeo6pa3oeaHue KapjieMana Mepu [i. Tozda euno/iHfiwmcfi 
cjiedyn>vu,ue ycjioeux: 

1) 

\G(z)\<M(l + -^J, z = x + iy, (5.2) 

2) cfiyHKViUfi G + (z) donycKaem anajiumuuecKoe npodojiotcenue uepe3 unmepeaji (a, b), u 
pesyAbmamoM anajiumunecKozo npodojiotcenuH nejisieracn cfiyHKittUa G- (z) . 

,H,OKA3 ATEJTbCTBO . BHanajie mm ,n;oKajKeM, hto ecjin d — c = 1, to cymecTByeT 
hhcjio Mi Taxoe, hto ,zijih jno6oro c G (—00, 00) 6yn;eT BbmojmaTbca HepaBeHCTBo 

d oo 

I(c,d) = J J \K{t-u)\d\n\{t)du<M 1 . (5.3) 
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HMeeM 

oo d oo t — c 

I(c,d)= J J \K{t-u)\dud\n\{t)= J J \K{r)\drd\^\(t) 

— oo c — oo t — d 

n+1 t—c 



£ y y |lT(r)|drd|/*|(*). 



IIo TeopeMe o cpe,n;HeM 3HaneHHH fljia HHTerpajic-B HaH,nyTca tohkh t n e [n, n + 1] 
TaKHe, hto 6yn;eT BbinojiHaTbca paBeHCTBo 



t n — c n+1 

oo 



j(c,d)= E / i^wi^ / d W(<)- 

n= — oo, j 

t n — a n 

B cHjiy orpaHHHeHHii Ha Mepy /U OTciofla cjie,n;yeT, hto 

oo c 00 

I{c,d)<M [ \K(r)\dT = M j a{T)\K(r)\dT, 

n= -°°t„-d -oo 

r,n;e a(r) - sto hhcjio cerMeHTOB [i n — d, i n — c], coflepjKaiHiix TOHKy r. TenepB H3 He- 
paBeHCTBa a(r) < 3 cjie^yeT HepaBeHCTBo ( 15 . 3j) . 

^ajiee 6yn;eM oueHHBaTb (pyHKinno G(z). IlycTb /2(i) - cpyHKHiia pacnpe,n,ejieHHa Me- 
pbi HopMiipoBaHHaa ycnoBneM /2(0) = 0. H3 ycjioBHil TeopeMbi cjie,n;yeT HepaBeHCTBo 
\fr(t)\ < M(l + \t\). IIosTOMy 

oo oo 

\G+(z)\ < J e- ty dft(t) = e- ty fi{t)\^ + y J ft(t) e - ty dt. 



Hcnojib3ya oueHKy fljia p>(t), Haxo^HM, hto |G ? _|_(^)| < M ^1 + ij. AHajioriiHHo oueHH- 
BaeTca G-(z). TeM caMbiM, yTBepjK^eHHe 1) flOKaaaHo. 

06o3HaHHM T s (t) = [sin%t/ %t) h onpe,n;ejiHM Mepy [i e paBeHCTBOM d(i e (t) = 
T e (t)dfi(t). IlycTb G e (z) - npeo6pa30BaHHe KapjieMaHa Mepbi \i e . OTMeraM, hto mb- 
pa \i e KOHeHHa h hto BCJie^cTBHe HepaBeHCTBa T s {t) < 1 b HepaBeHCTBe f)5.2j) cpyHKinno 

G MOJKHO 3aMeHHTb Ha G e . 

Byn;eM cHHTaTb, hto hhcjio e ^ocTaTOHHo Majioe, h nycTb [ai, b\] TaKofi cerMeHT, hto 
a + e < ai < b\ < b — e. IlycTb £ - npoH3BOJibHaa TOHKa cerMeHTa [ai,&i]. HafifleM 
cpyHKinno K\ e L\(— oo, oo) Taxyio, hto6m BbinojiHajiocb paBeHCTBo 

oo 

y K 1 (u)K(t-u)du = T e (t)e iiLt . (5.4) 

— oo 

^onycTHM, hto Taxaa cpyHKHHH cymecTByeT. Torna BbinojiHaeTca paBeHCTBo 

oo oo 

y y K x {u)K{t - u)e~ itx dudt = f(£,x), (5.5) 



-oo — oo 
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T(£,x) = J T e (t)e m e- ixt dt. 

— oo 

H3BecTHo, hto HHTerpaji b jieBofl nacTH paBeHCTBa ( 15. 5p cxo^htch a6cojnoTHo. IIoaTo- 
My b stom HHTerpajie bo3mojkho H3MeHeHiie nopa,n;Ka HHrerpnpoBaHna. 3to ,n;aeT 

oo oo 

f(£,x)= J J K(t-u)e- ltx dtK 1 (u)du = K(x)K 1 (x), 



-oo — oo 



K 1 ( X ) = I^±. (5.6) 
K(x) 

Tenepb, 3a6braaa o tom, KaKiiM cnoco6oM nojiyneHo paBeHCTBo (15.61) . paccMOTpHM 
(pyHKinno Ki(x), onpe^ejiaeMyio 3thm paBeHCTBOM. Hocnrenb cpyHKUHH T(e,x) pac- 
nojioxceH Ha cerMeHTe [£ — £,£ + £], KOTopbiil HBjiaeTca nacTbio HHTepBajia (a, b). Ha hh- 
TepBajie (a, b) cpyHKinia K{x) He o6pain,aeTCH b HOJib. TaKHM o6pa30M, cpyHKHna K\{x) 
KoppeKTHo onpe,n;ejieHa Ha cerMeHTe [£ — e, £ + e\. ByneM cnnTaTb, hto cpyHKHna Ki(x) 
paBHa Hyjiio BHe 3Toro cerMeHTa. TeM caMbiM Ki(x) - 3to HenpepbiBHaa cpHHHTHaa cpyHK- 
nna. 

M.3 TeopeMbi BnHepa o ,nejieHHH cne,zryeT, hto ecnn cpyHKnna K\{x) onpe^ejiaeTca 
paBeHCTBOM ( 15 .6p . to cymecTByeT cpyHKnna K\ 6 L\{— oo, oo) Taxaa, hto ee npeo6pa3o- 
BaHHe Oypbe coBna,n;aeT c K\(x). Tenepb H3 paBeHCTBa K\(x)K (x) = T(e,x) npnMeHe- 
HHeM o6paTHoro npeo6pa30BaHHa Oypbe nojiynaeTca paBeHCTBo ( 15.41) . CymecTBOBaHne 

CpyHKHHH K\ ^,OKa3aHO. 

Ymhojkhm o6e nacra paBeHCTBa (15. ip Ha K\{u) h nponHTerpnpyeM o6e nacTn no- 
jryneHHoro paBeHCTBa no och (—00,00). Mbi nojiynnM 

00 00 

j J K 1 (u)K(t-u)dfi(t)du = 0. (5.7) 

—00 —00 

ByneM oneHHBaTb cjieflyroinnft HHTerpaji 

{K^ujWKit- u)\dud\n\{t). 



HMeeM 



00 00 



-00 —00 



OO 71+1 

OO 



I= E J J \Kx{u)\\K{t-u)\dud\n\{t) 



00 n+1 



< 



00 r r 

max{|Ki(w)| : u G [n,n + l]} / / \K(t - u)\dud\n\{t). 



n= — 00 



62 



IIpHMeHaa HepaBeHCTBo ( 15 .3p . nojryHHM HepaBeHCTBo 



oo 

I<M X ^ max{|Ki(w)| : u G [n, n + 1]}. 

n= — oo 



OyHKinia G oo, oo) aBjiaeTca npeo6pa30BaHHeM Oypbe HenpepbiBHofi cphhhthoh 
cpyHKi^HH. ,H,Jia TaKiix (pyHKHiift, Kax cjie^yeT 113 jieMMbi 67 ([20J, raaBa 2, §11), HaniicaH- 
Hbifi Bbiine pa,n, cxo,n;HTca. TaKHM o6pa30M, I < 00. Tenepb H3 TeopeM ToHejiJin h Oy6iiHH 
cjie^yeT, hto b HHrerpajie, croameM b jieBofi nacTH paBeHCTBa ( 15.71) . mojkho noMeHaTb 
nopa^oK HHTerpiipoBaHHa. 3to ^aeT c yneTOM paBeHCTBa ( 15. 4p Taxoe paBeHCTBo 

00 

J e^T e {t)dn{t) =0, i G [ai,6i]. (5.8) 

—00 

H3 KOHeHHocTH Mepbi \i e cne,zryeT, hto cpyHKHiia G+(z) aBjiaeTca rojioMopcpHofi cpyHK- 
HHefi b BepxHefi nojiynjiocKocTH HenpepbiBHofl BnnoTb ,n;o rpaHHHbi. AHajiorHHHo, cpyHK- 
Hiia G e _ (z) aBjiaeTca cpyHKHHeft rojioMopcpHofi b HHJKHeft nojiynjiocKocTH HenpepbiBHofl 
BnjioTb pp rpaHHiibi. Toraa paBeHCTBo (15. 8p mojkho nepenncaTb b BH,n;e G+(£) = Gf_(£), 
£ G [ai, bi\. Ho TeopeMe o cTiipaHiin oco6eHHocTeit (|21|. TeopeMa 2.2, raaBa 4) cpyHKHHH 
G £ i_(z) h G e _(z) aBjiaioTca aHajiiiTHHecKiiMii npoflonateHHaMH flpyr flpyra nepe3 HHTep- 
Baji (a%, bi). 

^ajiee paccMOTpHM b KOMnjieKCHoft njiocKoerH KBa,upaT Qi, fljia KOToporo cerMeHT 
[ai,&i] aBjiaeTca flnaroHajibio, h paccMOTpHM ceMeilcTBo cpyHKHHH 

F v (z) = (z- ai )(z - b 1 )G r '(z), rj G (0,e], 
b 3TOM KBa,npaTe. OflHa H3 ctopoh KBa,npaTa Qi HMeeT napaMeTpH3ainno z = a\ + te 1 ^ , 



t G 



Ha 3toh cTopoHe KBaflpaTa BbinojiHaeTca HepaBeHCTBo 



\F v (z(t))\ < Mt 



ai — bi + te 



< M 2 



OneBHflHo, hto Ha rpaHHue KBa^paTa BbinojiHaeTca HepaBeHCTBo 1^(^)1 < Mi. 

IlycTb 5 G (0, 1 7 ai ) h nycTb Q 2 - KBa^paT, fljia KOToporo cerMeHT [a± + 5, b\ — 
S] aBjiaeTca ^HaroHajibio. Ha rpaHHue KBa,n,paTa Qi 6yneT BbinonHHTbca HepaBeHCTBo 
|G rr? (2)| < Ms(8) c HeKOTopofi BejiHHHHoft M3, 3aBHcameH ot 5. 

no TeopeMe Monrejia ceMeilcTBo cpyHKHHH G v (z) 6yneT KOMnaKTHbiM BHyrpn Qi. 

no3TOMy cymecTByeT mnoMopcpHaa BHyrpn Qi cpyHKHHH H(z) h nocjie^OBaTejib- 
HOCTb i] n — > TaKHe, hto nocjieflOBaTejibHocTb G 11 ™ (z) 6y,n;eT paBHOMepHO Ha KOMnaKTax, 
jieacan^Hx bo BHyTpeHHocTH Qi, cxo^HTca k <pyHKii,HH H(z). TLpn Qz > nocjieflOBaTejib- 
HOCTb G Vn (z) cxoflHTca k G+(z), a npH Qz < OHa cxoflHTca k G-(z). H3 cKa3aHHoro 
cjie^yeT, hto cpyHKn;Ha G-(z) 6yn,eT aHajiHTHHecKHM npoflOJiaceHHeM cpyHKi^HH G + (z) 
nepe3 HHTepBaji (ai + 5, bi — 5), a b cnjiy npoH3BOJibHocTH e h 5 nepe3 HHTepBaji (a, b). 
TeopeMa ^oKa3aHa. 
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3amemahhe 5.1. TeopeMa 15. II stejistemcsi ycujienueM jigmmu Kap/ieMana 06 ana- 
AumuuecKOM npodojiotcenuu. B opuzunajvbnou jieMMe Kap/ieMana (doKa3ameM>cmeo 
jieMMU Kap/ieMana Mootcno naumu mancHce e \2J$ ) paceMampueawmcn, Mepu c ozpanu- 
Hennou nAomHocmbH). IIpueedeHHoe doKa3ame/it>cmeo meopeMu I5.il nacmunno coenada- 
em c doKa3amejit>cm60M JieMMU Kap/ieMana. 

IlycTL. \i - pa,n;oHOBa Mepa KOHeHHoro nopa^Ka Ha BemecTBeHHOH och, G(z) = (G+(z), 
G-(z)) - npeo6pa30BaHiie KapjieMaHa Mepbi \x. Bbi6pocHM H3 BemecTBeHHoft och mho- 
jKecTBO Bcex TaKHx HHTepBajioB (a, 6), hto (pyHKinia G+(z) aHajiHTHHecKH npo,n;ojiJKaeT- 
ca nepe3 HHTepBaji (a, b) h pe3yjibTaTOM aHajiHTHHecKoro npo,n;ojiJKeHHa ecTb cpyHKinia 
G-(z). OcTaBinaaca nacTb BemecTBeHHOH och Ha3biBaeTca cnenmpoM Kap/ieMana Mepbi 
fi. 

B cbh3h c npHBe,n;eHHbiM onpe,n;ejieHHeM ctoht 3aMeTHTb, hto (pyHKinia G+(z) mojkct 
HMeTb aHajiHTHHecKoe npoflOJixceHHe nepe3 HHTepBaji (a,b), o^HaKo, pe3yjibTaT Taxoro 
npoflojiJKeHHH MOJKeT He coBna,n;aTb c cpyHKHiieft G-{z). B 3tom cnynae HHTepBaji (a, b) 
npHHaflJieacHT cneKTpy KapjieMaHa Mepbi \x. 

B CB33H c TeopeMofl 15.11 h onpe,n;ejieHHeM cneKTpa KapjieMaHa HHTepecHo oTMeTHTb 
cjieflyiomee yTBepjKfleHHe, oTHocameeca k npo6jieMe rapMOHnnecKoro cHHTe3a. 3Ta npo6- 
jieMa o6cyjK,n,aeTCH b |23| 



Teopema 5.2. IIycmt> /i - padonoea Mepa Konennodo nopsidna na eeu^ecmeennou 
ocu c odpanuuennuM cnenmpoM Kap/ieMana. Tozda Mepa \x a6cojiK>mno nenpepuena u ee 
njiomnocmh g(t) ecrrib ozpanunenue na eev^ecmeennyK) oct> v^e/iou $ynKu,uu 9Kcnonen- 
u,uajihno20 muna. 

,HpKA3ATEJlbCTBO. IlycTb G(z) = (G+(z), G-(z)) - npeo6pa30Bamie KapjieMaHa 
Mepbi \x. IIocKOJibKy Mepa \x HMeeT KOHenHbiit nopa,n;oK, to cymecTByioT nncjia M > 
h a > TaKHe, hto ,n,jia fi(r) (cpyHKHiin pacnpe,n;ejieHHH Mepbi |//|) 6yneT BbinojiHHTbca 
HepaBeHCTBo \fi(r)\ < M(l + r a ). CnHTaa, hto (pyHKinia fi(r) HopMHpoBaHa ycjioBHeM 
/i(+0) = 0, nojiyHHM HepaBeHCTBo 

00 

\ G+ (z)\<±H{0})\+ J e-*vdfi(t) = \\ti{0})\+V J ' me~ ty dt 

(0,00) 

r(i + a) 



< 



^\({0}) + My J(l + t a )e- t ydt<M 1 (l + ^ 



AHajiorHHHo oueHHBaeTCH cpyHKHiia G-(z). no3TOMy cpyHKinia G(z) ynpBjieTBopaeT 
oueHKe 

\G(z)\<M 1 (l + ^±^-). (5.9) 



\y 



PI3 orpaHHHeHHocTH cneKTpa Mepbi \i cjie,n;yeT, hto Tonxa 00 HBjiaeTca H30JiHpoBaHHOH 
oco6eHHocTbio <pyHKii,HH G(z). PaccyjKfleHHH c KBa^paTaMH Qi h Qi b TeKCTe ,n,OKa3a- 
TejibCTBa TeopeMbi I5.1| npHMeHemibie k cpyHKHiin (z — ai) n (z — bi) n G(z), fla^T, hto 
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cymecTByioT HHCJia a > 0, /? > 0, M2 > Taiaie, hto Ha MHoxcecTBe {z = x + iy : 
M > |y| < /3} 6yneT BbinojiHaTbca HepaBeHCTBo |G(z)| < M2. H3 3Toro HepaBeHCTBa 
11 HepaBeHCTBa ( \5.9h cjie,zryeT, hto TOHKa 00 - ycTpamiMaa oco6eHHocTB cpyHKii,HH G(z). 
Jlerxo BH^eTb, hto 



00 / 



lim G + (iy)= lim / e^d^t) = i/*({0}), 



, 

lim G-(iy) = - lim / e'Wt) = --/i({0}). 

y— > — oo y— >■ — oo J 2 

— oo 

M.3 3THX paBeHCTB BHflHO, HTO COOTHOHieHHe /U({0}) ^ HDOTHBOpeHHT TOMy, HTO OO - 

ycTpaHHMaa ocoGeHHocTb cpyHKiniH G(z). IIosTOMy ^({0}) = 0. TeM caMbiM mh ,n;oKa3a- 
jih, hto G(oo) = 0. IIo3TOMy cymecTByioT HHCJia Ms > h Ri > TaKHe, hto npn 
\z\ > R\ 6yneT BbinojiHHTbca HepaBeHCTBo 



\G(z)\<^. (5.10) 



Onpe,n;ejiHM Tenepb cpyHKii,Hio 



9it) = ~ f G(w)e- Uw dw, (5.11) 

27T J 

r,n;e £ - 3aMKHyTaa rjia^Kaa npaBHjibHo opneHTHpoBaHHaa jKopflaHOBa KpHBaa, oxBaTbi- 
BaiomaH cneKTp Mepbi \i. TeM caMbiM cpyHKii;HH G(w) HBjiaeTca rojioMopcpHofi b 3aMbiKa- 
hhh HeorpaHHHeHHoit oGjiacTH c rpaHHueft £. OneBHflHo, hto g(t) - uejiaa cpyHKHiiH 
3KcnoHeHHiiajibHoro THna. 

flpjiee paccMOTpHM npn Qz > cpyHKinno 

00 00 

G x {z) = J g(t)e ltz dt = J J e lt{z - w) dtG{w)dw. 

£ 

IlycTb Qz > 2h, h > h npoH3BOJibHo. riocKOJibKy cneKTp Mepbi \x jiejKHT Ha BeinecT- 

BeHHOH OCH, KOHTyp £ MOJKHO Bbl6paTb TaK, HTo6bI fljia JIK)6orO W G £ BbinOJIHHJIOCb 

HepaBeHCTBo < h. Tor,n;a 

Gl (z) = -±f ^dw. 
2ni J w — z 

£ 

Tenepb H3 HepaBeHCTBa I5.10I h TeopeMbi Kohih cne,zryeT, hto BbinojiHaeTca paBeHCTBo 
Gi(z) = G{z) npn > 2h, a 3HaHHT h npn Qz > 0. 

Mm flOKa3ajiH, hto y Mepbi fix, dfii(t) = g(t)dt, h Mepbi \i coBna,n;aioT npeo6pa3o- 
BaHHH KapjieMaHa b nojiynjiocKocTH ^sz > 0. AHajiorHHHo flOKa3biBaeTca coBna,neHHe 
npeo6pa30BaHHH KapjieMaHa sthx Mep h b nojiynjiocKocTH Qz < 0. TaKHM o6pa30M, y 
Mep j(/ h jtii coBna^aioT npeo6pa30Bafflia KapjieMaHa. CneflOBaTejibHo, fi = H\. TeopeMa 
^OKa3aHa. 
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TEOPEMA 5.3. Ilycmb p - padouoea Mepa KoneuHoso nopndna p na eevu^ecmeeH- 
hou ocu. Ilycmb cnenmp KapjieMana A Mepu p KOHeuen. Tozda cyu^ecmeymm uojiuhomu 
P\{t), A G A, deg P\(t) < P — 1, maKue, umo 



dp(t) = ^2P x (t)e- %xt dt. 



xeA 

^OKASATEJlbCTBO. ITycTb G{z) - npeo6pa30BaHiie KapjieMaHa Mepbi p. Cneicrp 
Mepbi p KOHeneH h, cjieflOBaTejibHo, orpaHiraeH. Kax cjie^yeT 113 ,n;oKa3aTejit.cTBa Teo- 
peMbi 15.21 b 3tom cnynae (pymania G{z) rojioMopcpHa b HeKOTopofl oKpecTHocTH 6ecKo- 
HeHHocTH, npnneM G(oo) = 0. Bmjio TaKJKe ,n;oKa3aHo, hto b paccMaTpHBaeMOM cjiynae 

dp(t) = g(t)dt, r,ne g - iiejiaa (pyHKinia sKcnoHeimiiajrbHoro Tiina. 06o3HaHHM gi(t) = 

t 

J \g(u)\du. Tor,n,a npHMeHeHiie (popMyjibi HHTerpiipoBamia no nacTHM ,n;aeT 
o 



\G 



oo oo oo 

J e Uz g(t)dt < J e t y\g(t)\dt = e- t y gi (t)\™+y J e"^i 



(t)dt. 



o 



B cnynae, ecnii p < 0, BbinojiHaeTca HepaBeHCTBo |<?i(£)| < M. B cnynae, ecnii p > 0, 
to fljia jno6oro e > BbinojmaeTca HepaBeHCTBo |<7i(£)| < M s \t\ p+S npii t>l. M.3 3Toro 

cjie^yiOT oueHKii |G(z)| < M npn p < 0, |G(z)| < M e ( j^y) npii \y\ < 1 ii p > 0. 

H3 Toro, hto cneKTp KOHeneH cjie,n;yeT, hto tohkii cneKTpa aBjiaioTca ii30JinpoBaH- 
hmmh 0flH03HaHHbiMH oco6eHHocTaMH (pyHKuiiii G(z). H3 nojiynemibix oneHOK G(z) cjie- 
flyeT, hto npn p < 1 3tii oco6eHHocTH aBjiaioTca ycTpaHHMMMii . B stom cjiynae G(z) = 0, 
p = 0. B cjiynae p > 1 tohkii cneKTpa MoryT 6biTb nojnocaMH cpyHKUini G(z) nopa,n;Ka 
He Bbiine neM p. IIosTOMy pjin cpyHKiniii G(z) cnpaBe,n;jiiiBo npe^cTaBjieHHe 

G(z) = TT ^ A 



Tenepb 113 cpopMyjibi 



AeA n= 



' e~ itw dw = 2ixi{-it) n e- iXt 



(to -A) 

h paBeHCTBa ( I5.1ip cjie,zryeT yTBep}K,ii;eHiie TeopeMbi. 



Teopema 5.4. lJycmt> M > - diuKcupoeauHoe hucjw, p - padouoea Mepa na 
eemecmeeHHOu ocu, ydoejiemeopsmv^asi Hepaeencmey \n\([a, /?]) < M, ecjiu (3 — a < 1. 
IJycmt) K - 6opejieecKasi diyHKUUH U3 npocmpancmea L\(— oo, oo) maKan, umo mhochcc- 
cmeo A = {A G (— oo, oo) : K(\) = 0} neJisiemcfi kohchhum. Ilycmb 



J K(t — u)djjb(t) = 0, wG (—00,00). 



Tozda cymecmeyiom uucjia c\, A G A, manue, umo dp(t) = ^2 c \ e '' dt. 

xeA 
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,ZIpKA3 ate JlbCTBO . H3 ycjioBHH TeopeMbi h H3 TeopeMbi 15.11 cjie^yeT, hto cneKTp 
KapjieMaHa Mepbi p co,n;ep}KHTca b kohchhom MHOJKecTBe A. Tenepb H3 TeopeMbi 15.31 h 
HepaBeHCTBa p < 1 ,ii;jih nopa,n,Ka p Mepbi p cjie,n;yeT yTBepjKfleHHe TeopeMbi. TeopeMa 
,n;oKa3aHa. 

TeopeMbi aHajioraiHHbie TeopeMaM 15 .2115741 paHee flOKa3biBaji Kopeii6jiioM |25j. 
CcpopMyjiiipyeM ein;e MyjibTiinjiiiKaTiiBHbiH BapiiaHT nocjie^Heii TeopeMbi. 

Teopema 5.5. Ilycmt) M > - qiuKcupoeauHoe hucjio, p - padonoea Mepa na 
noAyocu (0, oo), ydoejiemeopsnoinasi Hepaeencmey \p\([a, f3]) < M, ecjiu < e. IIycmt> 
K - 6opejieecKasi dhyHKU,usi na nonyocu (0, oo) maKan, umo \K(t) G Li(0, oo), u nycmt> 

oo 

A = {A G (— oo, oo) : J jK(t)t~ tX dt = 0} ecmt KoneuHoe Mnootcecmeo. IJycmb 

o 

oo 

K I - ) dp(t) = 0, r£(0,oo). 



Tozda cymecmeymm uucjia c\, A G A, maKue, nmo dp(t) = I J c \t lX dt. 

AeA 

^OKASATEJlbCTBO. OnpeflejiHM pa^oHOBy Mepy v Ha BemecTBeHHoft ocii cjieflyio- 
iuiim o6pa30M ^([o, b]) — p ( [e a , e b ] ) . Ecjiii b < a + 1, to 6yneM HMeTb 

\u\([a,b}) = \p\{[e a ,e b }) < \p\ ([e a ,e a+1 ]) < M. 

IlycTb Ki(x) = K(e x ). Tor^a K\ - 6opejieBCKaa cpyHKHiia Ha BemecTBeHHOH och, koto- 
paa npHHafljiejKHT npocTpaHCTBy Li(— oo,oo). BbinojiHaioTca paBeHCTBa 



-oo 

oo oo 

j K \ dp{t) = J Ki(x — u)du(x) =0, u = lnr. 

-oo 

^jia a,npa K\ h Mepbi v BbinojiHaioTca Bee ycjioBHa TeopeMbi 15.41 no3TOMy 

dv{x) = c x e~ lXx dx, dp{t) = - c\t~ lX dt. 
AeA AeA 

TeopeMa ,n;oKa3aHa. 

B cjie,n;yioHi,eH TeopeMe onncbiBaioTca Mepbi p, rjisl kotopmx cpyHKinia \&(r), onpe- 
flejiaeMaa paBeHCTBOM ( 11. 2p . HBjiaeTca njioTHocTbio peryjiapHoit Mepbi. HanoMHHM, hto 
(pyHKinia 7(t) onpeflejiaeTca paBeHCTBOM ( 11. ip . 

Teopema 5.6. nycmb p(r) - npouseo/ibHuu ymoHHenHuu nopndoK, p - padono- 
ea Mepa na no/iyocu (0, oo) U3 K/iacca VJt(p(r)), K - 6opejieecKasi qiynK'nun na no/iyocu 
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(0, oo) maKCM, umo t p 1 j(t) K(t) G Li(0, oo), c\ = J K(t)t p 1 dt ^ 0. IIycrm> Mnootce- 

o 

cmeo 

oo 



A = i A G (-00,00) : J K(t)t p - 1 ~ iX dt = 



siejifiemcfi KOHeunuM. Tlycmti d^yuKyun ^ onpedejinemcsi paeencmeoM U.ty) . Tozda ecjiu 
Mepa s, ds(t) = ^{t)dt, neAsiemcn peeyAnpnou Mepou omHocumeAbHO ymouHeHHozo no- 
pndna p(r) + 1, npuneM Fr[s] = {cr}, zde da(t) = ct p dt, mo npedejvbHoe MHoencecmeo 
Fr[/j] Mepu p cocmoum U3 a6cojiiomHO nenpepuenux Mep v, u nJiomHocmt> h(t) KaMcdou 
manou Mepu uMeem eud 

h(t)=[- + Yc x t- iX )t?- 1 



zde c\ - neKomopue KOMruieKcnue nucjia. 

^OKAS ate JlbCTBO . ITo TeopeMe 14.81 ana jiio6oh Mepbi v G Fr[p] BbinojiHaeTca 



paBeHCTBO 



K ( - ) dv{t) = cu p . (5.12) 



u 



Ecjih u 2 (t) = u(t) —ui(t), rne dv\{t) = -^-t p 1 dt npii p^On dv\{t) = -^\dt npii p = 0, 

TO 

J K du 2 (t) = 0. (5.13) 


IlycTb K\(t) = t p K(t), 1/3 - Taxaa Mepa, hto dv${t) = t~ p dv<i{t). Toraa paBeHCTBO 
( 15. 13j) mojkho nepenncaTb b BHae 



00 

J K x (^j dvz{t) = 0. 



H3 cooTHonieHiia fi G f)Jl(p(r)) cneayeT, hto (pyHKinia 

N{a) = lim — , 

r— >oo V [r\ 

rne p(r) - cpyHKHiia pacnpeneJieHHH Mepbi aBjiaeTca orpamiHeHHoil Ha cerMeHTe 
[0, e]. M.3 3Toro h TeopeMbi 13.151 cnenyeT, hto njia jno6oft Mepbi v G Fr[p] Ha MHoxcecT- 
Be (0,oo) x [l,e] BbinojiHaeTca oiieHKa \v\ ([r, qr]) < Mr p c HeKOTopoft hoctohhhoh M. 
OneBHflHo, hto Taxaa oueHKa, bo3mojkho, c apyroii hoctohhhoh M, BbinojiHaeTca h n,jia 
Mepbi 1/2. 

CymecTByeT hhcjio £ G [a, 0\ Taxoe, hto BbinojiHaioTCH paBeHCTBa 
J d\u 3 \(t) = J t- p d\u 2 \(t)=r P W2\([a^}). 
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Ecjih Tenept. /3 < ea, to 

M ([«,£]) = r P N(K/3]) < M [j) ^ Me ' Pl - 

CnpaBe,n;jiHBo Taioace cooTHonieHHe j K\{t) G £i(0, oo). TaKiiM o6pa30M, a,npo h Mepa 
^3 yflOBjieTBopaioT BceM ycnoBiiaM TeopeMbi 15.51 IIoaTOMy dv^it) = ~ E c\t~ lX dt, hto 

3KBHBajieHTHo yTBepjKfleHHio TeopeMbi. TeopeMa ,n;oKa3aHa. 

CnpaBefljiHB cneflyioiiriiH BapiiaHT TeopeMbi 15.61 b kotopom orpaHiineHiie ci ^ ot- 
cyTCTByeT. 

Teopema 5.7. Ilycm'b p(r) - npou360At>Huu ymoHHeuHuu nopndoK, p - padono- 
ea Mepa na nonyocu (0, oo) U3 KJiacca Wl(p(r)), K - 6opeA,eecK,asi diyuKi^uH na nojiyocu 
(0, oo) manasi, umo t p_1 7(t) K(t) G Li(0, oo). Ilycm'b MHOotcecmeo 



A = I A G (-00,00) : J K(t)t p - 1 - lX dt = 





fiejiftemcfi kohchhum, npuneM G A. Ilycm'b diynni^usi \& onpedejisiemcfi paeencmeoM 
Al.fy) . Todda, ecjiu Mepa s, ds(t) = ^>(t)dt, siejifiemcfi pezyjisipHou Mepou omnocumeji'b- 
ho ymouneHHOdo nopndKa p(r) + 1, mo Fr[s] = {0}, npedeJVbHoe MHoencecmeo Fr[p] 
cocmoum U3 a6cojiK>mHo nenpepuenux Mep v, u n/iomHocmb h(t) Kacncdou manou Mepu 
UMeem eud 



\AeA / 



zde c\ - Henomopue KOMWieKCHue nucjia. 

,HpKA3ATEJlbCTBO. Tax kbk Mepa s HBjiaeTca peryjiapHofi, to kbk h npii ,n;oKa3a- 

TejibCTBe npeflbiflymefl TeopeMbi nojiyHHM paBeHCTBo (1 5 . 1 2 f( . ^ajiee paccyjK,n,aeM Tax. 

00 

IlycTb v h a - ,n;Be Mepbi H3 Fr[p], = v — a. HMeeM j K (-) dv$(t) = 0. ^ajiee, iiobto- 

u 

paa paccyjK,n;eHiia npeflbLnymeft TeopeMbi, nojiynaeM dus(t) = I Yl c \t~ lX ) t p ~ 1 dt. Mm 

\A6A / 

,npKa3ajin, hto ,n;jia jiio6oh Mepbi v G Fr[p] cymecTByeT Ha6op KOMiuieKCHbix nocToaH- 
hmx c\ (Boo6iii;e roBopa, 3aBHcaiu;iix ot Mepbi v) TaKofi, hto BbinojiHaioTca paBeHCTBo 
dv = do + dr, r,ne a - npoii3BOJibHo 3a<piiKciipoBaHHaa Mepa 113 Fr[p], a dr(t) = 

£ {c x t- iX )tp- x dt. 

xeA 

^jia jiio6oro r > BbinojiHaeTca paBeHCTBo dv r = da r + dr r . 3aMeTHM, hto dr r (t) 



( £ c A r lA I ^ p C ,npyroH ctopohm, nocKOJibKy Mepa v r G Fr[p], to BepHo 
Vaea / 

du r (t) = da(t) + ( c\(r)t~ lX j t^" 1 ^. 

\AeA / 



paBeHCTBo 
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Ecjih A = {Ai, A n }, to ii3 cKa3aHHoro cne,zryeT, hto BbinojmaeTca paBeHCTBO 

da r {t) - da{t) = M r ) - c k r~ lXk ) t~ iX ^j t p ~ x dt. (5.14) 
H3 paBeHCTBa ( 15.141) cjie,zryeT paBeHCTBO 

00 n 00 

J f(t)(da r (t) - da(t)) = J2 {ck(r) - c k r~^) J fify^^dt. (5.15) 
fc=1 

KoHKpeTHo cpyHKixHH f(t) 6yzryT BbiGnpaTbca no3»ce. ^ajiee HMeeM 

) 00 
f{t)t p - l - iXk dt = [ e px f(e x )e- iXkX dx. 







Bbi6epeM Tenepb f(x) = / m (x) Tax, hto6m ,n;,nH cpyHKUHH (p m (x) = e px / m (e x ) BbinojiHH- 

JlOCb paBeHCTBO 

sinaA\ p 



J <p m (x)e- iX *dx= U(X-X k ) 



r^e p - flocTaTOHHo 6ojibinoe uejioe hhcjto, a BemecTBeHHoe hhcjio a TaKOBo, hto sino;A m 
7^ 0, ecjiH A m / h a = 1, earn X m = 0. H3 onpeflejieHiia (p m h TeopeMbi BHHepa-Ibjni 
cjie^yeT, hto ip m - cpHHHTHaa (pyHKuna. H3 cpopiviyjibi oGpameHHH ^jia npeo6pa30BaHiia 
Oypbe jierxo cjie^yeT, hto cpyHKuna (p m HMeeT p — n — 3 HenpepbiBHbix npoH3BOflHbix. PI3 
SToro b cbok) onepe^b cjie^yeT, hto supp f m ecTb KOMnaKT, noMem;aioiii,HHca Ha nojiyocn 
(0, 00), h hto cpyHKii;Ha f m HMeeT HenpepbiBHbie npoH3BOflHbie nopa^Ka p — n — 3 
BKjnoHHTejibHo . Ilpn TaKOM Bbi6ope / paBeHCTBO ( 15.151) npHHHMaeT bha 

00 00 
- p J fm (1) da(t) - J fm(t)d(x(t) = A m (c m (r) - c m r" lA ™) , 



Tj\e A m 7^ 0. H3 HanncaHHoro paBeHCTBa jierxo BbiBecTH, hto Kaac^aa H3 cpyHKHHH 
Cfc(r) HBjiaeTca 6ecKOHeHHo flHcpcpepeHinipyeMOH Ha nojiyocn (0, 00), h hto BbinojiHa- 
eTca paBeHCTBO c m (l) = c m . ^ajiee, fljia onpeflejieHHocTH, 6yneM cHHTaTb, hto p > 0. 
ByneM TaiQKe CHHTaTb, hto cpyHKHHH pacnpeflejieHHH a(t) Mepbi a HopMnpoBaHa ycno- 
BneM cr(0) = 0. Tor,n,a a r (t) = . ^ajiee, HHTerpnpya o6e nacTH paBeHCTBa (15. 14j) no 
cerMeHTy [0, 1], npirxo^HM k paBeHCTBy 



a{r) 



n 

, cr(l) = Y J {c k (r)-c k r-^) — . 

rP f— p - %X k 

fc=i 

H3 3Toro paBeHCTBa cjie,n;yeT, hto Mepa a HMeeT 6ecKOHeHHo ,TH<pcpepeHHHpyeMyio njioT- 
HOCTb. 06o3HaHHM 3Ty njioTHocTb Hepe3 h{t). Tor^a paBeHCTBO (15. 14j) mojkho npeo6pa3o- 

BaTb K BHfly 
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Ecjih o6o3HaHHTb nepe3 H (r, t) npaByio nacTb nojiyneHHoro paBeHCTBa, to 113 3Toro 
paBeHCTBa cne,zryeT, hto (pyHKinia i/(r, i) ynpBjieTBopaeT flH<p<pepeHHiiajibHOMy ypaBHe- 

HHK> 

MY 



3to ,n;aeT 



r^(r,t)-t^(r,t)=t^J 

^K(r)+zA fcCfc (r))t-^=t(M') . 
fe=i ^ ' 



H3 jiHHefiHOH He3aBHCHMocTH cpyHKHiift t fe cjie,zryeT, hto cymecTByioT HHCJia dfc TaKiie, 

hto BBinojiHaiOTca paBeHCTBa rc' k (r) + zAfcCfc(r) = dk- Tor,n,a (j0t) = dkt~' lXk ~ 1 . 

^ ' fc=i 

C^HTaa, hto Ai = 0, nojiyniiM, hto = I di kit + X] -1a ^~ zAfc + d ) t p ~ l . Tax kbr 

V k=2 k J 

h(t) - njioTHocTb Mepbi a G Fr[fj], to Mepa a no TeopeMe 13.161 nojiatHa ynpBjieTBopaTb 

HepaBeHCTBy |a([r, er])| < ar p c HeKOTopbiM a. IIo3TOMy d\ = 0. Mm ,n,oKa3ajiH, hto 

njioTHocTb h(t) npoH3BOJibHofi Mepbi a G Fr[p] HMeeT bh^, yKa3aHHbifi b cpopMyjinpoBKe 

TeopeMbi. ^ajiee H3 TeopeMbi 14.81 cjienyeT. hto Fr[s] = {0}. TeopeMa ,n;oKa3aHa. 

B CB33H c TeopeMofi 15 . 71 paccMOTpiiM cjie^yioirpiH npHMep. IlycTb K - a^po Ha nojiy- 

00 

och (0,oo) Taxoe, hto \K{t), ^ K{t) G Li(0, 00), J \K{t)dt = 0. HivreeM 



00 00 00 
t r \ f -rr ( t \ In t , f T ^ , s In u + In r , /"„, ,hu . 
(r) = K [-) — dt = / ^(«) - du = / K{u)—du. 

00 

IlycTb p(r) = 0. Mepa s, ds(t) = ^>(t)dt, HBjiaeTca peryjiapHoft Mepofl oTHocHTejib- 
ho yTOHHeHHoro nopa,n;Ka TOJKflecTBeHHo paBHoro eflHHHiie. Mepa p, dp(t) = ^rdt, He 
npHHafljiejKHT Kjiaccy 9Jtoo(0), a TeM Gojiee Kjiaccy 971(0). 

HacTHbiil cjiynait TeopeMbi 15.61 Kor,n;a A = 0, npHBo^HT k cjie,nyioiiieH Tay6epoBoil 
TeopeMe. 

TEOPEMA 5.8. llycm'b p(r) - npou360AWUU ymoHHeHHUU nopndoK, p - padono- 
ea Mepa na nojiyocu (0, 00) U3 KJiacca Wl(p(r)), K - 6opeAeecKaA $yHKu,uA na no/iy- 

ocu (0,oo) maKan, umo t p ~ lr y(t) K(t) G L±(0, 00). IIycmt> (fiyuKuusi f K(t)t p ~ l ~ dt ne 



odpau^aemcA e ncwb na eevu^ecmeeHHou ocu, u nycmb qiyHKV^usi \& onpedejisiemcfi paeen- 
cmeoM ( IJ.jjj) . Todda, ecjiu Mepa s, ds(t) = ^{t)dt, neAHemcsi peeyAApnou Mepou orriHocu- 
meAbHO ymoHHeHHoeo nopAdna p{r) + 1, mo Mepa p AeAAemcA pesyAApnou Mepou om- 

HocumeAbHo ymoHHeHHoso nopAdna p(r), npuueM ecAu Fr[s] cocmoum U3 Mepu c nAom- 

00 

Hocmbfo ct p , mo Fr[p] cocmoum U3 Mepu c nAomnocmtiK) —t p ~ l , zde c± = J K{t)t p ~ 1 dt. 

Cl 

,HpKA3ATEJlbCTBO. IIo TeopeMe 15.61 npeaejibHoe MHoacecTBo Fr[p] coctoht H3 e^HH- 
CTBeHHofi Mepbi. IIo3TOMy 3Ta Mepa peryjiapHa. Ee npe,n;ejibHoe MHoxcecTBo onncaHo b 
TeopeMe 15.61 TeopeMa flOKa3aHa. 
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KaK cne,n;yeT H3 TeopeMbi 13.191 ana nojiojKHTejibHoii Mepbi p ee peryjrapHocTb othoch- 
TejibHO yTOHHeHHoro nopaaxa p(r) sKBHBajieHTHa BbinojmeHnio paBeHCTBa 



u(\ar, br]) b p — a p 
hm Tr , , = c , < a < b < oo, 

r-S-oo l/(r) /9 
C HeKOTOpoit IIO CTOHHHOft C. LTpH 3TOM p MOJKBT 6bITb npOH3BOJIbHbIM BemeCTBeHHbIM 

uhcjiom (b cjrynae p = npaBaa uacTb HanncaHHoro paBeHCTBa onpeaejiaeTca no He- 
npepbiBHocTH h paBHa c In - ) . B cjrynae p > Haniicaimoe paBeHCTBo sKBHBajieHTHo 
paBeHCTBy lim = - , a b cjrynae p < oho 3KBiiBajieHTHo paBeHCTBy lim Bfc^Sii 



9 >-00 

c 



P ' irr-rrrn 

PeryjiapHbie 3HaKonepeMeHHbie Mepbi onncaHbi b TeopeMe 13.201 

B TeoepeMe 15 . 81 paccMaTpHBaeTca npoii3BOJibHbiit yTOHHeHHbiit nopaaoK. KaK yjKe ot- 
Menajiocb bo BCTynjieHHH, yace nacTHbiii cnyuan TeopeMbi 15 .8\ Kor,na p(r) = 1, aBjiaeTca 
yciuieHiieM BTopoft Tay6epoBoii TeopeMbi Bimepa no HecKOJibKHM HanpaBjieHnaM. 
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